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1 Symmetries and Angular Momentum

1.1 Symmetries and Conservation Laws

In Quantum Mechanics (QM), for an observable A without explicit time dependence! we
have

d(A)

ih—— = (D|[A, H]|¥), (1.1)
for any state |¥) and where
(4) = (V[A[Y), (1.2)
is the expectation value of A. If R
[A, H] =0, (1.3)
then
d{A)

— =0 1.4
o, (14)

and we say that A is a conserved quantitity or constant of motion.

A symmetry is a transformation on the coordinates of a system which leaves the
Hamiltonian H invariant. We shall see that conservation laws are the consequence of
symmetries of a system. Symmetries are very powerful since they can be used to derive
results for a system even when we do not know the details of the dynamics involved.

1.2 Translational Invariance

First consider a single particle. If 7 is the position vector, then a translation is the
operation
rT—7=7r+a. (1.5)

If H is invariant then

~

H(Z)=H(Z+a) = H(T). (1.6)
For an infinitesimal displacement we can make a Taylor expansion?
H(T+a) = H(D)+a- VH(Z), (1.7)
ignoring higher powers of @. Thus, if H is invariant,

~ ~ —

0=H@F+a) —H(@) =a-VH(T). (1.8)

i.e. the QM operator A corresponding to the observable A obeys 8@/& =0.
2The symbol 2 indicates that we only expand to first order in @ and suppress all higher order terms.



In general for the momentum operator P and any other operator 5(:1?) we have

B,0[v — [—ih%, 0w
—ihV (OW) — O(—ih¥)
= —ih(VO)¥, (1.9)

where we have suppressed the explicit # and ¢ dependence. Since eqn. (1.9) is true for
arbitrary wavefunctions W

[P,O(%)] = —ikVO(Z). (1.10)
In particular for O=H
[P,H] = —ihVH. (1.11)
Now, R
0= —ihd-VH =a- [P, H (1.12)
and since this is true for an arbitrary displacement vector @ we find
[P,H)=0. (1.13)
We conclude that momentum is a conserved quantity %1? = 0 if the H is translationally
invariant.
Take e.g.
~ R,
H=—-—— Vi(x 1.14
V(@) (114

For the translation, 7’ = ¥ + a, in particular 2’ =z + a

o oo D

and similarly for y and z. Thus V and V2 are invariant under translations and

~ N B2 L
HZ) = H(Z+ad) = —2—V’2 + V(&)

= —2h—2V2+V( +a). (1.16)

Hence, for a translationally invariant Hamiltonian we must require
V(@ +ad) =V(), (1.17)

which is only true for a (trivial) constant potential, i.e. for a free particle. Thus, the
momentum of a free particle is conserved in QM in the sense

d(P)

—=0. 1.18

o (1.18)
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Consider now a two particle system (easily generalised to N particles). If the two
particles have position vectors #; and 7', the invariance condition for the translation of

the system through a reads
H(Z,, %) = H(# + @, 3 + @) .
Then for an infinitesimal translation
H(Z) + @, %+ @) = H(T),To) +a- ViH (T, T) + @ - Vol (71, 1)
we find that translational invariance implies

0=a-(Vqi+ 62)13(51752) ;

and the total momentum operator is

o

ﬁ:ﬁl—F

2,

where

P, = —ihV, and Py, = —ihV,.

Identical to the one particle case, for any operator 9) (21, T),
[ﬁl, 6(;?1, .fg)] = —’lhﬁla(fl, fg) and [ﬁg, 6(;?1, fg)] = —Zhﬁgé\(fl, fg) R
and so R
[P,O(Z1,75)] = —ih(V1 + V2)O(Z, 75) .
This is true in particular for O=H. Thus,
0= —ihd-(Vi+ Vo)H =a- [P, H].

Since this must be true for arbitrary translation vector @, we have

[P,H| =0,

UP) _ ),

and total momentum is conserved in the sense of QM i.e. =z

1.3 Rotational Invariance

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

Just as translational invariande is associated with conservation of momentum, it turns out
that rotational invariance is associated with conservation of angular momentum (AM).

Take spherical polar coordinates and take the axis of rotation to be the z-axis. Spec-
ify the position vector # in spherical polar coordinates (7,0, ¢) of the point. Then the
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symmetry operation ¥ — @’ corresponding to a rotation by an angle o about the z—axis

1S
(T7 87 ¢> - (T/7 9/7 ¢/) - (T7 07¢+a) * (1‘28)
For the Hamiltonian to be invariant under rotations about the z-axis
H(Z) = H(D)
= H(,0.¢)=H(r6,0¢)
— H(r0,¢+a)=H(ro6,9¢). (1.29)
For an infinitesimal rotation
(1.30)

(0.0 +0) = H(.0,0) + a2 H(1.0,0).

and, hence, for invariance of H

0 = B89+ a) = H(n6.0) =0 - H(0.0
— a%ﬁ(r,e,gb) —=0. (1.31)
The z—component of the orbital AM operator written in spherical coordinates is®
7 0
= —ih— 1.32
th 86 ( )
In general, for any other operator 5,
~ A 0 - 0 ~ 0 90
L., OV = —ih|—,0] = —ih O—V)=—th—V 1.33
L.. 010 = i[5, 0] = ~in(;(0) ~ Ojow) = ~ingow. (133
This is true for arbitrary wavefuntions ¥, thus
PO 80
L., 0l =—ih—, 1.34
£..0] = ~ih (134
and in particular for O=H ,
oH (1.35)

[LZ, H] _Zha_¢

If the Hamiltonian is invariant under rotation about the z-axis, we now conclude that
(1.36)

[L.,H)=0.
= —ih(zZ —

~

y%) . The other components, L.,

3In cartesian coordinates & = (z,y,2): L, = (Z x P)

and Ey, can be obtained by cyclic permutation of (x,y, z)
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We can define angles ¢, and ¢, analogous to ¢, = ¢ for rotations about the = and y-axis.
If H is also invariant under rotations about the x and y-axis we will conclude that

[Lo,H) = [L,, H)=[L.,H] =0 ie [L,H =0. (1.37)
Thus AM is a constant of motion .
d(L)

—==0. 1.38

Any rotation can be built out of successive rotations about the z, y and z-axis.

Whenever H is invariant ‘under arbitrary rotations the AM L is a conserved quantity.
We must construct such an H out of scalars i.e. invariants under rotations. The simplest
examples of scalars are the magnitude (length) of a vector or the scalar product of two
vectors. For example, consider the Hamiltonian for a particle moving in a central potential
such as the Coulomb potential

h2

_ O Rr, )
H= -V + V(). (1.39)

Because V2 = V-V and |Z] are scalars, so is the Hamiltonian and orbital AM is conserved.
This discussion generalizes immediately to two (or more) particles:

For 2 particles, the Hamiltonian is a function of two sets of spherical coordinates
(711,01, ¢1) and (ry, 02, ¢2) so that

H = H(r1,01, 01572, 02, ¢2) . (1.40)
The invariance condition for rotation of the system by an angle o about the z-axis is

H(ry, 01, ¢1572, 02, ¢p2) = H(r1,01, 01 + a;72,02, 02 + ) (1.41)

and for an infinitesimal rotation

ﬁ](T176’1>¢1 + 1o, 0o, P2 + ) = ﬁ(r1,91;¢1;7’2792, $2) + Oéaqﬁlﬁ + a(?@]?l, (1.42)

where we defined 9, = %. Invariance of H gives
0 = ﬁ](ﬁ,@la ¢1+ a;1e, 02,2 + ) — ﬁ](r17817¢1;r27627 %))
= a(8¢,1 + 8¢2)H
- (a¢1 + a¢>2)]E\[ =0. (1.43)

The z-components of the orbital AM operator for the two particles are

Ly, = —ihdy, , Lo, = —ihd,, . (1.44)
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The z-component of the total orbital AM is:

L.=1Iy.+Ly.. (1.45)
Much as before, for any operator O,
L.,0] = —il(0y, + 9,,)0 , (1.46)
and in particular R R
(L., H] = —ih(0y, + 04,)H . (1.47)

If the Hamiltonian is invariant under rotations about the z-axis, we now conclude that
[L.,H)=0. (1.48)

By also considering rotations about the x and y-axis we conclude that if H is invariant
under arbitrary rotations then

[L,H) =0, (1.49)
so total AM is a constant of motion
d(L)
— =0. 1.50
o (1.50)

As usual the orbital AM operators obey the (SO(3) or SU(2)) algebra
[L.,L,) = ihL. , [Ly,L,) =ihL. , [L,,L,] =ihL.. (1.51)

Consequently, it is only possible to know simultaneously the values of one component L
and L?, for example, L, and L?. Therefore, we may take the conserved quantities to be
L. and L%

An atom with atomic number Z with Coulomb forces between the nucleus and the
electrons and between the electrons is an example of a system with the necessary rotational
invariance for conservation of AM. In this case:

N h2 z . Z 762 4 o2
H=—>—) Vi- — 1.52
2m ; ' ; dmeo|Ti| ! z‘j;q dmeo|d; — T;] 7 (1.52)

where 61 acts on the coordinates of the i-th electron, and #; is the position vector of
the i-th electron relative to the nucleus. As before, V7 and |7;| are scalars (rotationally
invariant) and so is |%; — Z;|, so that H is rotationally invariant.

Remark: Generally for a system with spin it is the total AM

-~
—

J:

S~
)

+ (1.53)
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that commutes with the Hamiltonian

~

~

[J.H] =0 (1.54)

if H is rotationally invariant, and then (.J,) and (J?) are constants of motion.

<

For the atomic (non-relativistic) Hamiltonian above, (L.) and (L?) are also constants
of motion, because the spin does not appear explicitly in the Hamiltion. This is a mani-
festation of the fact that spin is an effect of Special Relativity as we will see later in the
course. However, if we include the Spin-Orbit interaction due to Relativistic effects

1 1dVvs =
L.

ﬁSpin—Orbit - S s (155)

2m2c? r dr

for an electron moving in a central potential V' (r), then L does not commute with the
complete Hamiltonian. Then, only (J,) and (J?) are conserved quantities.

1.4 Addition of Angular Momentum

~

For a particle with orbital AM operator L and spin angular momentum operator S we
often need to construct the eigenstates of the total AM operator

=~

J=L+8S, (1.56)
in terms of eigenstates of L and S. (For convenience we will drop the ~ for operators
from now on.) More precisely, we need to construct the simultaneous eigenstates |j, m)
of J? and J, in terms of simultaneous eigenstates? |I,m;) of L? and L, and |s, m,) of S?

and S,.

Recall from QM that for eigenvalue of L2 equal to I(1 + 1)h? with | an integer, the
eigenvaluesqof L, are m;h with m; taking values m; = —I,—[+1,...,l — 1,1 and similarly
for S and J where s and j are integer or half-integer.

Also for a 2 particle system, we often need simultaneous eigenstates |jm) of the total
AM operators J? and J, in terms of simultaneous eigenstates |j1my) of J¢ and J;. and
|7jams) of J3 and J..

In the following we assume that all eigenstates are ”orthonormalized” in the familiar
fashion, e.g. (jm|j'm’) = &;;/0pmm.

‘In QM we encounter the eigenstates |I,m;) when the Schrédinger equation is solved in spherical
coordinates. Usually they are denoted as spherical harmonics Y ,,, (¢, ¢) but their explicit form will not
be needed in the following.



Clebsch-Gordon coefficients are defined to be the coefficients in the expansion

gm) = Y Clima, jamal|jm)|jima)|jama) . (1.57)

my,ma2

Range of Values of j and m

- —

Consider J = J_i + Jy (f =L+ Sis exactly similar):

e We have L ~
J:J1+J2—>Jz:J12+J227 (158)

thus for any simultaneous eigenstate |¥) of .J;, and J, we have

LW = (Jiz + J22)| V)
— mh|V) = (mih + maoh)| V)

— m=mi+msy. (1.59)
Now m = my 4+ msy is the eigenvalue of J, which therefore runs from —j to +j.
e No matter what j we construct from j; and j,, we must have
My < My + Moy, , (1.60)

where m,h, my,h and mso,h are the maximal eigenvalues of J,, J;, and J,,, respec-
tively. Since these maximal eigenvalues are just jh, jih and joh, we must have

J<ji+J2. (1.61)

e Suppose ji > jo, then (without proof) m, > my, — ma,,

=J 21" J2- (1.62)
Similarly, if jo > j,
In general:
J =i — el (1.64)

Thus, the possible values of j that can be constructed from j; and j, are
J=1n—delslji—del +1,..., 1+ 2 — L1+ Ja. (1.65)
This is also known as the triangle condition.
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Explicit Construction of Clebsch-Gordon Coefficients

N =

J1=35,J2=1

We shall need to know J_|j,m) where J. = J, £ iJ, are the familiar raising and
lowering operators. Note that they are the adjoint operators of each other, i.e. er =J_
and J' = J, and obey J.J_ = J2 — J2 + k..

J_|j,m) has eigenvalue J, = (m — 1)k, thus J_|j,m) o |j,m — 1).

The constant of proportionality can be determined (without proof) with the result

J-|g,m) = /(G —m+ 1) +m)hlj,m —1). (1.66)

For the case j; = %, j2 = 1, the possible values of j are % and % (Recall j =
lj1 = Jals 51+ Ja = 1, g1 + J2)

Begin by constructing the state with maximum value of 7 and maximum value of m,

Le. [j=2m=23).

Since m = my + mo and my; = ﬂ:% and my = —1,0,+1, there is only one way to get
m = %, namely % = % + 1. Thus,
3 3 1 1
|J 27m 2> ‘jl 27m1 2>|]2 y M2 > ( )

We can now use the lowering operator J_ to construct states with the same value for
7 but smaller values of m.
J = Ji+Js
= J_=(J)-+(J2)_. (1.68)

From now on we will take natural units with 7z = 1. Apply eqn. (1.68) to eqn. (1.67).
The left hand side gives

Tlj=5m=3)= VB =32+ B2+ 32l = 5,m=5) = Vij=5.m :(1;6>9,)



whereas the right hand side gives

. 3 3 ) 1 1.
J_|j = M= §> = ((J1)-+ () )l = 5 M= §>|J2 =1my=1)
) 1 1 ...
= ((N1)-|hh = 5= 5))’]2 =1,my=1)+
1 1 .
lj1 = §,m1 = 5)((J2)—|J2 =1,my=1))
| 1. .
= \/(1/2—1/2+1)(1/2+1/2)\J1:§7m1=—§>\12:17m2:1>+
| 1.,
\/(1—1+1)(1+1)|le§7m1:§>|J2=17m2=0>7 (1.70)
thus,
3 3 . 1 1., .
J_|j = M= 5) = ((J1)=+(J2))|71 = 5 M= §>|J2 =1,my=1)
T P
= ]1_2,m1_ 5 J2 = 1,Mmg =
. 1 1., .
V2|1 = 5= §>|Jz =1,my =0). (1.71)

Comparing left and right hand side we obtain,

3 1 1 1 1
|.7 27m 2> \/3‘.]1 27m1 2>‘.]2 , M2 >+
V2 1 1
\/g‘]l 2>m1 2>’j2 , My > ( )

Now we can apply J_ again to this state, and after a similar calculation as before we
obtain

3 1 V2 1 1
|j 27m 2) \/§’j1 27m1 2>’j2 , M2 >+
1. 1 1.
bt =5oma = g)lj2 = 1,mp = —1). (1.73)

Finally we can apply J_ a third (and last) time to obtain

3 3. .. 1 1
j=5m=-3)=lh=gm=

We have now constructed all j = % states. Acting with J_ again gives zero and terminates
the procedure, which is consistent with the fact that m = —5/2 would be outside of the
allowed range.
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How can we obtain the j = % states?

Start from the state with j = § and the maximum value of m (for that j) i.e. |j =

%,m = %) This state has the same value of m as |j = %,m = %) and must be a linear
combination of the same |j1,m1)|j2, m2) states. However, because it has different value of

j it must be orthogonal to [j = 2, m = 1). (Distinct eigenvalues of a Hermitian Operator
have orthogonal eigenfunctions.)

Write,
1 1 1
|J=§7m:—> = Cl’]l—§,m1——§>sz—1,m2= )+
) 1 1, .
02|]1—§,m1:§>|]2:1,m2:0>. (175)
Orthogonality to [j = 2,m = ) implies
3 1 1
— i m=Zli==-m==Y=0 1.76
(j=5.m=3li=gm=35)=0, (1.76)
hence,
cy . 1 1 1 1. . )
7%(]1 =M —5‘]1 =5 = —§><J2 =1lme=1lja=1me=1)+
V2, 1 1, 1 1. 4
/3 (J1 2,m1 2|J1 2,m1 2)(]2 , M |72 , M )+
Ca 1 1, . 1 1., .
3<j1 2,m1 2|J1 2,m1 2><J2 , Mg |j2 , M2 >+
av2,. 1 1., 1 1., . ,
\/§ <]1 2,m1 2‘]1 2,m1 2><]2 , Ma |jz , M2 >
=0. (1.77)

Due to ”"orthonormality” of the eigenstates, the third and fourth line of this equation
vanish and from the rest we get

2
a —cg=0=c¢c = —\/502 . (178)

— +
V3 Vs
Furthermore, the state must be normalized

) =1 (1.79)

hence,
= e+ e =1. (1.80)
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Take ¢; and ¢, real®, then
2c3+c; = 3c=1
1

2
=a=-1/3 (1.81)

o1 1 2. 1 1,,.
\J:§,m:§> = —\/jfjl 5,m :——>|92:1,m2:1>

SO

2
i = o = )l = Lms = 0). (1.82)
\/— J1 = 2, J2 = L, ma = .
Using again the J_ operator we can also obtain the state |j = %,m = —%) with the
result
j=3m \ﬁ o = )iz = 1y = —1)
]—27 J1= 2 my = 2]2_,m2_
\/—‘.71 2 ,my = ——>\.72 1,my = 0). (1.83)

1.5 The O(4) Symmetry of the Hydrogen Atom

For the Hydrogen atom, ignoring small terms,

~ h?
H=—— V24V 1.84
s NG (189
with V(|Z]) = m As shown in a previous Section, the Rotational Invariance of H
means that N
[L,H] =0 (1.85)

and hence orbital AM is a conserved quantity. (Remember Ly=1L,+ zzy)

If we consider a state |, m;) with energy E, then
ﬁ (Ei> |l,ml> = Ei]?lﬂ,ml)

= L. E|l,m)
= EL.|l,my). (1.86)

Thus, Zi|l,ml> o« |l,m; £ 1) also has energy E. Consequently, all 2] 4+ 1 states with
~2
my = —l,—1+1,...,0 — 1,1, in an AM multiplet with eigenvalue I(I + 1)h* of L , are

5This fixes an irrelevant overall phase factor.
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degenerate in energy. This degeneracy is a manifestation of the Rotational Symmetry of
the Hydrogen atom.

It is known that for { H, not only are all the states with the same AM Quantum Number
[ degenerate in energy, but also are all the states with [ =0,1,...,n — 1 corresponding to
the Principle Quantum Number n (the proof can be found in standard QM books). We
want to show here that this is a consequence of a larger symmetry group that includes
Rotational invariance.

In classical physics it can be shown that for a central potential V (|Z]) not only is
L=7x7p, (1.87)

a constant of motion, but so also is the Lenz vector (in units where m, = 1)

- 1 = R
M=—|LxZ—ZXL+——. 1.88
7 i) (1.88)
Correspondingly, in QM both R
L=7xp, (1.89)
and R
= 1 S~ A~ 3 et T
M = — | LXT7—ZX L+ ——, (1.90)
VY 27eq |7
commute with H. If we define the linear combinations
S5 13 ~ 13 =
[:§(L+M) and Kzé(L—M) (1.91)

it can be shown that I and K commute with each other and they behave like AM operators
ie.

I, 1) =il, , [K,, K, =iK,, plus cyclic permutations (1.92)
with A = 1. This is referred to as the O(4) or SU(2) x SU(2) algebra. With some effort
it can be shown that the Hamiltonian can be written in the following simple form

1

~ 1 e2 \?
7 < ) (1.93)
ATLR +1 Ameo

~ ~ ~2 ~2
Because I and K each obey the AM algebra, the eigenvalues of I and K are of the form
i(i + 1) and k(k + 1) with ¢ and k integers (with i = 1).

Thus the energy levels of the hydrogen atom are

e

E(i, k) = —i( 2 )2 (i(i+1)+k(k+1)+%)_l | (1.94)

4meg
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These energy levels have degeneracy (2¢ + 1)(2k + 1).

Because of the properties of the triple scalar product a - (5 x @) we have

L-M=0, (1.95)
thus,
/;2 §2 1 /;2 /:2
and we must have ¢ = k. If we write n =2¢4+ 1 =2k + 1:
2
—1
= i(i+1) == y (1.97)

Then the energy levels are

1/ e2\*/n2-1 n2-1 1\! 1 e? \?
B, =—- -] == . 1.98
4 (471'60) ( 4 * 4 * 2) 2n? (471’60) (1.98)

As expected having set m, = 1 and h = 1 with Degeneracy n?.

Moreover, because L = I+ K and both I and K both behave like AM operators, using
the rules for adding AM the possible values of l are [ = i+k,i+k—1,... [i—k|+1,|i—k|.
Setting i = k = (n — 1)/2, we see that [ runs from 0 to n — 1, as required.

The Degeneracy is also the Expected Degeneracy because we have degenerate states
with [ =0,1,...,n — 1 and for each [, m; = —I[,...,[. Thus there are

n—1

> @+1)=n’ (1.99)

=0

degenerate states for the principle quantum number n.

2 Relativistic Quantum Mechanics

2.1 Four Vector Formalism

Any point of space-time is described by 2#, = 0, 1,2, 3 with 2° = ¢t, 2! = z, 2 = y and
2% = z. Any mathematical object a* is called a four-vector if it transforms in the same

fashion as z* under Lorentz transformations (LT’s).
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If a* and b are four-vectors
a-b=a"’ —a't' —a?b* — ®V? (2.1)
is a scalar (invariant) under LT’s. It has the same value for all observers just like

(170)2 _ (171)2 _ (1‘2)2 _ (l’3)2 — 02t2 _ 1‘2 _ y2 . Z2 (22)

An important four-vector is the four-momentum

E E
#E - ) y Mz = _7_’ 23
P (C,p pyp) (Cp) (2.3)

where p'is the 3-momentum. The corresponding Lorentz invariant (scalar) quantity is

pP=pp. = -0 -0) -0 == -0 =m
= E?=p°c +mic. (2.4)

In QM the corresponding hermitian operators are

I (A S
b (c@t’ Zh@x’ Zh@y’ Zh@z

itho . =
<m’—w)

L0 =

If we define the differential operator 4-vectors, V# = <%, —6) = (%%, —ﬁ) and
V.= (%, 6) = <%%, ﬁ), then the 4-momentum operator is
pt =ihV*, (2.6)
and the Lorentz invariant (scalar) constructed from V* is

102 = 1 02 0? 0? 0?
O0=V.V=oo_ - V=-2 _°9 9 9 9.
vV c? Ot? v c2ot?  0x?  0y* 02? (27)

2.2 The Klein-Gordon Equation

In non-relativistic QM, the free Hamiltonian H = E = % is quantised by the substitution
L0 S
H — ih— , p— —ihV (2.8)

ot
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to give the Schrodinger equation

2
ih— = ——V?V, (2.9)

A relativistic free particle has Hamiltonian
H =FE = \/p?>c® + m?c* (2.10)
and hence the same, naive substitution gives
ov
ith—
ot

But what to do about the square root of the operator? One interpretation is to make a
series expansion, but then we get a Hamiltonian with derivatives of arbitrarily high order.

= \/m204 — R22V20 (2.11)

A more sensible route is to start from H? = p?c? + m?ct to get
0? -
s = (<R mict)
1o =, me 2
= (=2 - w (—) T =0
(02 ot? v ) * h

= (D + (%)2) W =0 (2.12)

By analogy with the Schrodinger equation it is possible to derive a continuity equation
for the Klein-Gordon (KG) equation

dp = =
E"’V'J—O (2.13)

where p is the probability density and J is the probability current.%
Derivation: Subtracting the following two equations
2
v (D+(@> )xp:o
h
2
v (D + (%) ) Ut =0 (2.14)

gives

AR VAR vA S A v B i A (2.15)

®Integrating the probability density over a volume V' bounded by the surface S we find [, %d% =
4 [ pddz=— [, V.- jdPz = | sj' dS. This implies that probability cannot be created or destroyed;
it can only flow from one point to another.
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Furthermore, this implies
V- (U'VY¥ — IVY*) =0
0 (1 - - -
= g (—2 (U0, — \Ifat\lf*)) -V (@*V\If — \IJV\IJ*) =0. (2.16)
c
After multiplying through by ic?, in order to make p real, we can write this as desired as
a continuity equation with

p=i(U9,0 — V9,0 and J= —ic? (@*ﬁ\p - mﬁw*) . (2.17)

Now because of the negative sign between the two terms in p, the probability density can
both take positive and negative values (in contrast to non-relativistic QM where p = |¥|?
is positive definite)! This is an absurd and nonsensical result for a probability density!!

Junk the KG equation for the moment and try harder. Schrodinger was the first
to write down this relativistic wave equation, but discarded it for a different reason; the
spectrum is not bounded from below. This was the historical route. See later for a rebirth
of the KG equation thanks to Feynman.

2.3 The Dirac Equation

Let us go back to our starting point

~ o
HY = ih— 2.1
i T (2.18)

and try to give a meaning to the square root in

H= \/m204 +pe? = \/m204 — 2e2V2. (2.19)

Since the equation is linear in 2, Lorentz covariance suggests it should be linear also

5 ot?
in the 575, 1=1,2,3.

So we write
H = cd p+ Bmec
= —ihed -V + fmc? (2.20)

where o' and 3 are coefficients to be determined. More explicitly this equation can be
written

ﬁ:—ihc(al 0 +a? 0 +a 4

BT 522 8333) + Bmc®. (2.21)
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Now we determine the coefficients o and 3 by requiring that this linear operator ”squares”
to the KG operator

H? = —2AV? + m2ct (2.22)
We find
772 2 2 1\2 0 2\2 0 3\2 0 2.2 4
H? = _—
hec ((a ) a)? + (a®) FESE + (a?) 8(353)2) + B*m-c

—ihmc? ((alﬁ + Bal)% +.. )
—h*c? ((041042 + 042041)8—2 +.. ) : (2.23)
Oxt0x?
Thus we need to solve

(@) =1,i=1,2,3
ad'od +adat =0,i#j
B =T
alf+pai=0,i=1,2,3, (2.24)

where I denotes a unit matrix (if a subscript is added it denotes the dimensionality, e.g.
I, denotes a 2 x 2 unit matrix).

It is obviously NOT possible to solve those equations if the coefficients are simply
complex numbers. So let us assume that they are N x N matrices. With some (guess)work
it can be shown that the smallest value of N for which eq. (2.24) can be solved is N = 4.
This implies that the Dirac wave function is a 4-component column vector

Uy (z)
Uy(z)
U(r) = 2.25
@ = v .29
\114(.1')
where z = (2°, ) and the Dirac equation becomes a matrix equation
ov -~ ~ -
zha = HV = (ca - p+ pmc®)V = (—ihcd - V + fmc®) V. (2.26)
This is a set of 4 first order linear differential equations to determine Wy, ..., Wy.

2.4 Representation of the Dirac Matrices

A particular set of solutions of (2.24) for the 4 x 4 matrices o', 3 can be written with the
help of the 2 x 2 Pauli matrices 0%, i = 1,2, 3,

01:<(1)é),02:(?_()i),agz((l)_(]l) (2.27)
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which obey the following identities

(6)' =T,i=1,2,3
ool +olot=0,i#7. (2.28)

We may satisfy the first two lines in eq. (2.24) by taking o’ to be the 4 x 4 matrices

o

o/:< 0 ‘6 ) L i=1,2,3. (2.29)

Now we may satisfy the remaining two lines in eq. (2.24) by taking

(L 0
8= < L ) . (2.30)
Because the ¢ are Hermitian, so are the o and 3, i.e.
(@)f'=a", g'=5. (2.31)

(t <> complex conjugate transposed)

2.5 Probability Density for the Dirac Equation

The Dirac equation is given by

ov

ih— - = —ihd - VU + mc? 30 (2.32)
and its Hermitian conjugate is
out =
—ih—— = ihVUT - @ 4+ mc?Ui3. (2.33)

(Recall that o’ and 3 are hermitian and (AB)" = BTAT.)

Now take W'x (Dirac eqn.) and (Hermitian conjugate eqn.)x ¥ and subtract the two

to obtain: ow 8(\1”)
(ot — ihe (VG- Sw 4 o0 . &
ih (xp 5 \p) ihic (\IJ &V + v(uh a\If> . (2.34)

Dividing this equation by A we obtain a Continuity Equation

8p — —
- J = 2.
¥ T=0 (2.35)
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with the positive definite probability density given by

4 4
p=TIT = "Wl =) |l >0, (2.36)
k=1 k=1

and the probability current .
J =cUtav. (2.37)

2.6 Extreme Non-Relativistic Limit of the Dirac Equation

For a particle at rest (p'= 0) the Dirac equation becomes

ov

iha = BmcV¥
= aa—\f = —ingﬁ\Il. (2.38)
Taking 3 = ( ]102 _?12 > the four equations for the components of ¥ turn into
% = —1—2'%02\114 (2.39)
=¥, = cle’imTcgt e.t.c. (2.40)

where ¢; is an arbitrary constant.

Thus the general solution takes the form

cle_‘mhc%t
2
_jmety
coe "
U — ne?, (2.41)
c3e’
2
caet it
which can be rewritten as
C1 0
. C . 2 O
U=t 2+ttt (2.42)
0 c
3
0 Cy



By acting with the Hamiltonian operator H= ih% we find that the first term in the
solution (2.42) carries positive energy (+mc?) whereas the second term carries negative
energy (—mc?).

Although we found a positive probability density (contrary to the KG equation) we

find that also the Dirac equation has both positive and negative energy solutions. We
shall later interpret the negative energy part as due to Anti-particles.

2.7 Spin of the Dirac Particles

The (free) Dirac equation is
ihoU = HU with H = cd - p+ Bmc? (2.43)

with p = —ihV.

Consider the total angular momentum operator

o Qy

oL ~ B .
J—L—i—S-fXﬁ—i—EEWhereE—( ) (2.44)

QL ©

Using the Uncertainty Principle

[, '] = ihdy; (2.45)
it can be shown with some effort that
[H, S| = ihe(@ x p) (2.46)
and . R
[H, L] = —ihe(d x p), (2.47)

~

thus, [PAI , H]zO. So J is a conserved quantity which we interpret as the total angular
momentum.

The 3-component of Spin, 5., is

h
P = 523 (2.48)
1 0 0 O
s th .l 0O =1 0 0 hich I . 1 h _h hogng _h
1s the matrix 3 00 1 0 which has eigenvalues 3, —3, 5 and —3.
0 0 0 -1

= we are describing spin % particles (and anti-particles).
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2.8 The Covariant Form of the Dirac Equation

Multiply the Dirac equation

LoV _ oA 9
— == t— v 2.4
ih 5 zhc;a o + fme (2.49)
with g to obtain
oV~ OV
h| B—— '— | =mcV¥. 2.50
i s 358 ) < e 250
Next define the matrices ' '
V=08, =p8a",i=1,2,3 (2.51)
which are also called Gamma-Matrices and allow us to rewrite the Dirac equation as
oV~ O
. 0 i _
ih <7 920 + ;7 8xi> U = mec¥ (2.52)
— ihy - V¥ = me¥ (2.53)

where V# = (%, —ﬁ) as defined in section 2.1 and

=% = 0" (2.54)

which makes the Dirac equation now look Lorentz covariant.

Dirac or Feynman Slash Notation

For any 4-vector A*, we define A =~ - A = 494° — 7. A. Then, the Dirac equation is

iV = mc¥ (2.55)
: PV = mc¥ (2.56)
= (P—mc) ¥ =0 (2.57)

where p* = iAVH*.

2.9 Properties of the y-Matrices

Using the properties of the o' and 3 we may show that the gamma-matrices obey the
following anti-commutation identity

("7} =" + " = 20" L, (2.58)
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1 0 0 0

) 0 -1 O 0
T

with ¢ 00 -1 0

0 O 0 1

In particular, (7°)? =1y, (7*)? = =14, i = 1,2,3.

Furthermore (7°) = 87 = 3 i.e. 4% is Hermitian, whereas (7))" = (8a’)! = (/)87 =
o' = —fBat = —~" i.e. 4 is anti-Hermitian, i = 1,2, 3.

Using the explicit matrices o and 3 of Section 2.4 we find
I 0 ; 0 o
0 __ 2 T _
= (5 5) (%0 (2.59)

2.10 Digression on Contravariant and Covariant Vectors

A 4-vector, a*, may be regarded as a contravariant vector (under LT’s) and

1 0 0 0
G = g = 8 _01 _01 8 as a Metric Tensor. Then, a, = Zi:o 9@’ = ga” is
0o 0 0 -1

a covariant vector. Summation over repeated indices is understood (Einstein summation
convention), where one of the indices always is an upper (contravariant) index and the
other is a lower (covariant) index.

We may write a - b = g,,a"0" = a*b,. Alternatively, since g, = g, we can write
a-b=gu,ab = g,,a"'b" = a,b”

—a-b=a,b"

In this notation, V-V =V, V# = V¥V, the KG equation is

(V,N" + (7%0)2) $=0, (2.60)

and the Dirac equation is

bV, U = mel or +"p,¥ = mcV¥ . (2.61)
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2.11 Plane Wave Solutions of the Dirac Equation

From now on we will work in natural units h = ¢ = 1. We look for plane wave solutions
of the Dirac equation of the form
= (Five ( 0 ) (2.62)

X

where ¢ are the upper two components and x the lower two components of ¥ and p-x =
Et—p- ¥, with E > 0.

The factor e~ gives solutions with positive energy £ and momentum p, and the
factor et gives solutions with negative energy —FE and momentum —p. Substituting
back into the Dirac equation

- Y
(—z’@‘ Vot ﬁm) U= iaa_t , (2.63)
and using 0,V = FiEV and 0,V = +ip, V¥ e.t.c., we obtain
(—i(xi)a-p+ m)¥ = i(FE)Y
— (£d@-p+Pm)¥ = L+EV. (2.64)

If we use the standard representation for the o and 3 from Section 2.4 we obtain

(:l:?l-[ﬁ ijﬁ)(ﬁ)ZiE(i) (2.65)

which gives the coupled set of equations

(mFE)p£5-px = 0
+5-pp— (m+tE)x = 0. (2.66)

We will construct the solutions in such a way that they have a straighforward p'= 0 limit.

Positive Energy Solutions

(m—E)p+d-px = 0
g-pp—(m+E)yx = 0. (2.67)

For =0, F =m and x = 0 (in agreement with Section 2.6).

For p # 0 it is convenient to solve for x in terms of ¢ using the second equation in
(2.67), i.e.

Gy
X = (E+m)¢ (2.68)
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then,
U= 7 ( gf s ) : (2.69)

(E+m)

Note that the first equation in (2.67) only gives the on-(mass)shell condition E? = p%+m?.

We can write ¢ in terms of ¢, = ( (1) > and ¢y = ( (1) )

There are thus two independent positive energy solutions
U =e"P"U(p,s) , s=1,2 (2.70)

where

Up, s) = m( U(f " ) (2.71)

(E+m)

is a positive energy Dirac spinor. In the last expression a convenient normalization factor
has been introduced.

It can be checked that the first equation in (2.67) is automatically satisfied by using
the identity (- p)? = p*La.

Negative Energy Solutions

—

(m+ E)¢ —d - px
—G-pp—(m—E)xy = 0. (2.72)

For p=0, E =m and ¢ = 0 (in agreement with Section 2.6).

For 7' # 0 it is convenient to solve for ¢ in terms of y using the first equation in (2.72),
i.e.

- =

g-p

- 2.73
then,
v
U = etire ( E+m) X ) . (2.74)
X

Note that the second equation in (2.72) only gives the on-(mass)shell condition E? =
2 2
p°+m-.

We can write x in terms of y; = ( (1] ) and s = ( (1) )
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There are thus two independent negative energy solutions
U =etP*V(p,s) , s=1,2 (2.75)

where

-7
Vip,s)=VE+m ( E+m X ) (2.76)
X

is a negative energy Dirac spinor. In the last expression a convenient normalization factor
has been introduced.

It can be checked that the second equation in (2.72) is automatically satisfied by using
the identity (7 - p)? = p*Is.

Interpretation

To find the physical interpretation for the four independent solutions we consider the
rest frame p'= 0. Then:

Vip,2) = %( )?2 ) =2m (2.77)

O OO HFOOO Oorr o oo o+

—

Furthermore, for p’ = 0 we have L = ¥ x p'= 0 so that the total angular momentum
operator becomes

. N
J = [+8=§=-:%
1
N 522(233 1?,3> (2.78)
2

Thus, U(p,1) and U(p,2) are positive energy solutions with S, eigenvalues s, = +1/2
and s, = —1/2 respectively, whereas V(p,1) and V(p,2) are negative energy solutions
with S, eigenvalues s, = —1/2 and s, = +1/2 respectively.
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In general, U and V are the Lorentz boosts of these solutions to a frame where p # 0.
Interpret the negative energy solutions later.

2.12 Properties of Solutions

Since e~?*U(p, s) is a solution of the Dirac equation
(iv -V =m)(e"*U(p,s)) =0
0 > I
— <i70a +i7y -V — m) e PO (p,s) =0
— (B 5T m)U =0
— (pry—mU=0
= (Pp—-—m)U(p,s)=0 (2.79)

i.e. U(p,s) obeys the Dirac equations with p* simply replaced by p#. Similarly, we find

(p+m)V(p,s)=0. (2.80)

We will often make use of the adjoint spinors which are defined as
U(p,s) = Ul(p,s)7°, Vip,s)=Vip, s’ (2.81)
By taking the Hermitian adjoint of the equation obeyed by U and V we find
Ulp,s)(p—m) =0, V(p,s)(p+m)=0. (2.82)
One may also check directly (using again (G - 7)? = p2l,) that
Ul(p,s)U(p,s) =Vip,s)V(p,s)=2E, s=1,2, (2.83)

and
T(p, 5)U(p,s) = 2m, Vip,s)V(p,5) = —2m, s=1,2. (2.84)

2.13 Anti-Particles — Hole Theory

Since the Dirac equation has negative energy solutions, why do positive energy electrons
not radiate energy and fall into a negative energy state? Dirac: Negative energy states
are completely filled and the Pauli exclusion principle (which applies to fermions) forbids
the transition. Consequently, the Vacuum is a state with all positive energy states empty
but all negative energy states filled.
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(picture goes here)

If a photon excites a negative energy e~ of energy —|Es| into a positive energy e~
of energy |E;|, we observe the production of an e~ of mass m, charge —|e| and energy
|E1|, and a Hole in the negative energy sea (Pair production). Note that there is a gap
of 2mc? between the negative and positive energy states and, hence, the photon energy
hv = |Ei| + |Fs| must be larger than 2mc? for this to happen. The hole appears as a
particle of mass m, charge +|e| and energy +|Es|.
= The existence of the Positron (and Anti-particles in general) is predicted!

(picture goes here)

The absence of a spin-up electron of energy —|E| and momentum —p'is equivalent to
the presence of a spin-down positron of energy +|F| and momentum +p. (Think about
time running backwards or the arrow in a Feynman diagram reversed)

(picture goes here)

Thus, the electron wavefunction e?®V (p, s) corresponding to energy —F and momen-
tum —p describes a positron of energy +F and momentum +p. Also, V(p, 1) and V (p, 2)
which describe spin down and spin up negative energy electrons must describe spin up
and spin down positrons.

2.14 Vacuum Polarization

In general the infinite negative charge of the vacuum produces no effect because the
distribution of charge is homogeneous.

However, consider the effect of a positive energy electron with charge —|e| on the
vacuum. It repels the negative energy electrons and electrically polarises the vacuum.
Thus the physical charge —|e| seen by a test charge at a large distance from the electron
is numerically smaller than the bare charge —|eg|, i.e. |e] < |eq].

(picture goes here)

However, if the test charge comes very close it will see the bare charge —|eg|. For
S-wave electrons (I = 0) in an atom, the proton sees a charge numerically greater than
the ordinary electric charge |e|. Note that for [ > 0 the wavefunction vanishes at the
origin and the proton feels a numerically smaller charge. This effect leads to measurable
shifts of the energy levels of atoms.
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2.15 Charge Conjugation Symmetry C

We construct an operator acting on the Dirac wave function
C:V— Vg (2.85)

which turns a positive energy electron wavefunction (e~) into a negative energy wave
function (e*) with the same momentum and spin state. If ¥ = e=?*U(p, s) then Uy =
e?®V (p, s). The required operation turns out to be

C:U — Vo =Cry'U*, (2.86)

where C' = iy?4". Useful properties: C' = —C, C? = -1, C~! = —C and Cy*C = (y*)T.

A symmetry of a wave equation is an operation on a wave function W — V' and on the
space-time coordinates x — x' such that W' obeys the same equation as V¥, with x replaced
by x'.

U — W, x — 2’ can be shown to be a symmetry of the Dirac equation as follows:

We say that the Dirac equation is charge conjugation invariant. The Dirac equation

may be written as
(iv*V, —m)¥ =0, (2.87)

taking the complex conjugate gives
(—i(y")*'V, —m)¥* =0. (2.88)
Now multiply from the left with C'v°

(—iCy (v")*V,y —m)¥* =0
—  (I7"(CY°)V, — mery?) T =
— (Y'V,—m)¥e=0, (2.89)

where we have used the identity C~°(y#)* = —y#(C+"). This shows that U¢ obeys the
same equation as W.

2.16 Space Inversion P

The Dirac equation is also invariant under reflection of space coordinates in the origin

P:Z—d=—-F, t—t=t. (2.90)
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The corresponding operation” on Dirac spinors is
PV -V =PU (2.91)

with P = 7% Tt can be checked by direct calculation that PU(p,s) = U(—p,s) i.e.
P — —p as expected for space inversion, but the spin state is unchanged. Also PV (p,s) =
—V(—p,s). The —1 factor indicates that anti-particles have opposite Parity to particles.

In this case, to check invariance of the Dirac equation, it is necessary to replace 0,
0, and 0, by —0,, —0, and —0,, as well as replacing ¥ by ¥’ ie. U’ obeys the same
equation as ¥ with d,, 9, and 0, replaced by —0,, —0, and —0..

2.17 Time Reversal 7

The Dirac equation also has a symmetry under time reversal
T:t—t=—t, 7 -7 =17, (2.92)
the appropriate transformation of ¥ is
T:V -V =Ty* (2.93)

with T = —~'43. It can be checked directly that this is the correct transformation by
showing that
TU*(p,1) =4+U(=p,2), TV*(p,1) = =V (—p,2) (2.94)

Thus, the transformation changes a solution of the Dirac equation with momentum p and
spin up into a solution with momentum —p and spin down.

This is as expected for time reversal, since p'= mv//4/1 — 0?/c? and L=7x p, and
thus under time reversal p — —p and L — —L and in particular L, — —L,. We assume
that this applies to any AM operator, so that in particular S, — —S, . In this case, ¥V’
obeys the same equation as W with 0, replaced by —d;.

2.18 Dirac Covariants

It is important in the study of the Weak Interactions to know the properties of objects
like Uy# W, UAHys WU, ete, where we introduced

. 01
vs = i’y = ( I o ) . (2.95)

"Since P also transforms the space time coordinates this operation should be written more properly
as U(t,2) — V(&) = V'(t,—&) = PY(¢t,Z). Hence V'(t,%) = PU(t, —Z); a similar comment applies
to time reversal 7.
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We list here the behaviour of some of the Dirac covariants under Lorentz transforma-
tions, P, C:

’ Covariant \ LT’s \ P \ C ‘
N scalar +U —U
Wy U pseudoscalar — U0 — U U
WyH 4-vector +UA0p + Uy
— U~y
UnhysU | (pseudo) 4-vector | —WA0vys W | —Wylas U
N T

(75 has the properties {v5,v*} =0, 7;) =)

For example under P the behaviour of the vector current is

NZE [ @ly“ v’

= () 0y
= UI(7°)1y 0y 0
= Uiy 909y 00
= U0t O (2.96)
Thus,
VYU — U 099900 = U0 (2.97)

= —U(y")*y'¥
— TP (2.98)

In the Relativistic version of Time Dependent Perturbation Theory (Feynman Dia-
grams) the probability amplitudes for Electromagnetic Scattering of 2 particles via photon
exchange contains a factor

U(pz2, 52)7.U(p1, 81)U (P4, 54)7"U (p3, 53)

3
= Ur°UUAU — ZUVUUYU, (2.99)

i=1

which is invariant under both P and C because the two negative signs for the U~r'U
cancel for space inversion. Thus the Electromagnetic interactions are both space reflection
invariant and charge conjugation invariant.

(picture goes here)
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The corresponding probability amplitude for the Weak Interaction has a factor

U(p2; 52)7u (L = 45)U(p1, 1)U (pa, 54)7" (T — 5)U (3, 83)
= U UU04"U + UypysUUY" 75U

~UnsUUNU — Un, UUA 35U (2.100)
The term
U%%UUv“U
3
= UrsUUAU — ZUvi%UﬁviU (2.101)

=1

changes sign under both P and C transformations, because U4#W¥ and Wy*vy; ¥ transform
with opposite signs both for 1 = 0 and pu = ¢. Thus, the weak interactions break both
space inversion and charge conjugation invariance. This manifests itself in the angular
dependence of scattering processes (e.g. cosf changes sign under space inversion: 0 —
m — 0). Note however that the combined action of C and P, CP, is a symmetry of this
interaction.

Note, that in a general theory C, P and 7 are not preserved, but the combination of
the three transformations CP7 is always a symmetry.

2.19 Neutrinos

Some modification of RQM is needed in the physically important case of massless spin-1/2
particles — Neutrinos (with todays experimental evidence of Neutrino oscillations this is
not quite true, nevertheless it is a very good approximation.)

First, define the Helicity of a particle as the component of its AM J=L+Y% /2 in its
direction of motion. For a Dirac particle,

(2.102)

2o | M
=y

Helicity = J - Lo_
17l

=y

because L - j = (Z x p) - 7= 0.

Experimental observation shows that whereas an e~ can have Helicity +1/2 or —1/2,
a Neutrino (which is massless) can only have Helicity —1/2 and an Anti-Neutrino can
only have Helicity +1/2.

Thus, whereas we need four degrees of freedom to describe the 2 spin states of an

electron or positron, we need only 2 degrees of freedom to describe the spin states of the
neutrino and anti-neutrino. We need to discard 2 spin states of the Dirac particle.
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Now we return to the Dirac equation for a positive energy solution of energy E and
momentum p. However, we choose a different representation of the Dirac matrices (and
hence a different representation of the gamma-matrices). This does not effect the physics
but makes the proof much easier. It may be checked that

ﬁ:(gg),&:(g_o&) (2.103)

also obey the Dirac Algebra (2.24).

For U = ¢~ P* i ) the Dirac equation reduces to (@ g+ fm)¥ = EWV (see Section

(% 55)(2)-#(2)- o

which gives the coupled equations

2.11), from which we get

og-pp+myx = E¢
m¢—3o-pxy = FEx. (2.105)

Now taking m = 0 for a massless neutrino decouples the two equations,

o-pp = E¢
g-px = —Ex, (2.106)
and since £ = |p] for m = 0,

g-p 1

TP = o

2|7 2

G-p 1

9Py~ 2y 2.107
o0 5 (2.107)

Thus the upper 2 components of ¥ describe Helicity 1/2, and the lower two describe
helicity —1/2 when ¥ has positive energy. To obtain an appropriate ¥ to describe a
Neutrino we perform a projection that removes the upper 2 components.

This may be achieved by using s = i7%y'v2~3. With the above choice of & and 3,

w:ﬁ:(g g) vfzﬁcw:(fi —gl) (2.108)

[ —olo?s? 0 I 0
o Z( s ) _ ( - ) (2.109)
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0 0
0 I
and leave the Helicity —1/2 components. Thus,

If we form %(]I—yg,) = , then we may use it to project the upper 2 components

U= (1— )0, (2.110)

N —

with W a positive energy spinor, may be used to describe the neutrino.
If instead we start from a negative energy solution ¥, the from Section 2.11

(=@ -+ fm)¥ = —EV. (2.111)

For U = P ( zz > we then have

(fz]iﬁ g%)(i):—E(i> (2.112)

which gives the coupled equations

G ot myx = —Eo
mo+ad-px = —FEx. (2.113)

Now taking m = 0 for a massless anti-neutrino

o-pp = E¢
g-px = —Ex, (2.114)
and since £ = |p] for m = 0,

g-p 1

TPy = o

2|7 2

G-p 1

—X = —=X. 2.115
TR 1)

This is the same as for the positive energy solution. Thus, the upper 2 components of ¥
still describe Helicity +1/2 and the lower 2 components describe Helicity —1/2. To obtain
an appropriate ¥ to describe an Anti-Neutrino with Helicity +1/2 we need a negative
energy state with Helicity —1/2.

Thus, ¥, = %(]I —75)¥ with U a negative energy spinor, may be used to describe the
anti-neutrino with Helicity +1/2.
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2.20 Feynman’s Interpretation of the Klein-Gordon Equation

In Section 1.2 we abandoned the KG equation because the Probability density

p =i (6" — 60i8") (2.116)

could give negative values (we have renamed the wavefuntion ¥ by ¢).

It can be checked by direct substitution that the KG equation

82

(55 — V2 +m?)p =0 (2.117)

has positive energy solutions
¢ = Ne~Pe — NeilBt-pa) (2.118)

and negative energy solutions
¢ = NeiP® — NeilBt-pa) (2.119)

The probability density of such solutions is
p=|NP*(£2E). (2.120)

Thus, negative probabilities come from negative energy solutions. These are (as usual)
the problem.

We need an interpretation for the negative energy solutions of the KG equation. Dirac
Hole theory will NOT work for the spin-0 Bosons described by the KG equation, because
they do not obey the Dirac exclusion principle to give a filled negative energy sea.

Feynman gave an alternative way of interpreting negative energy solutions which works
for both bosons and fermions!

The emission/absorption of an anti-particle with 4-momentum p* is equivalent to the
absorption/emission of a negative energy particle with 4-momentum —ph.

In Feynman diagrams, which are the rules of calculating scattering and decay am-
plitudes in RQM, when Anti-Particles are involved we draw lines for negative energy
particles propagating backwards in time and use Feynman’s interpretation. E.g. for elec-
tromagnetic Electron-Positron scattering via photon exchange there are two diagrams
that contribute:

(picture goes here)
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2.21 Dirac Equation in an Electromagnetic Field
In classical relativistic mechanics the interaction of a particle carrying charge ¢ in an
external electromagnetic field can be obtained by substituting the momentum as
P — pt 4 gAY, (2.121)

where A* is the 4-vector potential

Ar = (A" A) = (¢, A) (2.122)
with ¢ the scalar potential and A the vector potential. (Remember: E = —ﬁqb — @/Y,
B=V xA).

This works also for RQM
Pt — pt 4 g A (2.123)
or equivalently
VH# — VH —iqA" . (2.124)

The free particle Dirac equation is (i -V —m)¥ = 0. Making the above substitution
v-V—=~-V—igy A (2.125)
the Dirac equation in an electromagnetic field is
(iy-V—m)¥V =—qy-A (2.126)
or

(1Y —m)¥ =—q4. (2.127)

It is sometimes convenient to write the equation in terms of the Dirac matrices i.e. in
Hamiltonian form. Begin with the equation

o . S
(7 + 7+ ¥ = m)W = —q(4%° — A7) (2.128)

and multiply from left with 4° = 3. Since (7°)? =T and "¢ = 38a’ = o' we obtain

8\:[] o 0
iy = ((—zV—i—qA)-oz—Fﬂm)@—qA 1\
oA = 0
= i = a-I1+4+pgm | ¥ —qgA VT, (2.129)
where R
I=—iV+4qgA=p+qA. (2.130)



2.22 The Magnetic Moment of the Electron

In the non-relativistic limit the rest mass mc? is the largest energy in the problem (since
|7]?> << ¢?) and we can write for a positive energy solution

U= ( ¢ ) (2.131)

X

where ¢ and x vary slowly with time and will be called large and small components for
reasons that will become clear in a moment.

Substituting in the Dirac equation (with the Dirac representation for 8 and o', which
is more appropriat for studying non-relativistic limits) in an electromagnetic field

— ( ¢ ) © ot ( 0t ) _ it ( (~qA"tm)I 00 ) ( 0 ) |
X Oix -1 (—gA° —m)I ) \ X

(2.132)
multiplying with e and subtracting the first term on the left hand side from both sides

we obtain R
( 09 ) _ —eAl -1l < ¢ ) . (2.133)
i0ix g I (—qA® —2m)I X

The lower equtions is

iByx =7 - Tip — (qA° 4 2m)x . (2.134)
For x varying slowly with time and under the assumption 2m >> gAg
g1
~ 2.135
X~ 5 —0 (2.135)

where II = 5—1— qff. Hence, for momenta and EM fields small compared to the rest mass

X << 9. (2.136)
Now using the top equation
00 = —qA% + & - Ty, (2.137)
we get, using eqn. (2.135)
- ﬁ 2
= 0 = —qA%% + ("2—)¢. (2.138)
m
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To simplify this further we may use the identity

(G-a@)(G-b)=a-bl+iG-(axb), (2.139)
which follows from
olod = 691 + ik g" (2.140)
where summation over & is understood. The Kronecker delta is defined as §% = { (1)’ z ; ; ;
and €' = 31 = 312 = 11, 132 = 213 = 32! = —1 and otherwise €7* = 0. In terms of
the e-tensor .
(5 x E) — ¢k gIpk (2.141)
and, hence, R R R L R
(7-1)%¢ = (¢ -T)(¢ - H)p = 11 - Tlp 4 i5 - (I x )b (2.142)
Now (h=1),
(I x )¢ = (p+qA) x (F+qA)p = (—iV +¢A) x (—=iV +qA)p = —(V+iqA) x (V+igA)¢ .
(2.143)
The = component of this expression is
—(0y +1iqAy)(0. +iqA.)¢ + (0. +iqA,) (9, + iqAy) ¢
- [811 (igA.¢) — @z(iqu¢) +iqAy0.¢ — iqu@/Qﬂ
= —iq[0,A, — 0, Ao
= —igB,¢, (2.144)
and hence R
(Il x )¢ = —iqBo. (2.145)
Now R R
(-T2 =T -Ti¢ + ¢ - Bo, (2.146)

hence, the non-relativistic limit of the Dirac equation in an EM field (also called Pauli
equation) may be written as

/:» T 2 — . =
;99 _ <_qu L PHad) g0 B) ¢ (2.147)
2m 2m

or writing S = g& for the spin of the electron (setting h = 1) we obtain

- <—qu Tl a5 B) ¢ (2.148)

j—
ot 2m m
where ¢ is a two-component wave function for the non-relativistic spin-1/2 particle.
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Comparing with the usual form of the non-rel. Schrodinger equation

o 1 -,
(-t v 2.14
i ( 5V +v> : (2.149)

we can interpret the last term in eqn. (2.148) as a potential energy — /il - B due to
the spin magnetic moment of the electron in an external magnetic field. Thus the spin
magnetic moment is . .

S S
where g is the so-called gyromagnetic ration. Hence, the Dirac equation predicts g = 2
whereas classically we would expect g = 1. This prediction was confirmed experimentally
and is one of the spectacular successes of the Dirac equation! Including radiative correction
from Quantum Electrodynamics (QED) yields a more precise value of g = 2(1.0011...)

which agrees up to nine digits after the dot with experiment!

2.23 Hydrogen Atom Spectrum

In the presence of an electrostatic potential V(r) the Dirac equation becomes

HY = (@-p+ Bm+ V(r))U —z%—‘f, (2.151)
for positive energy solutions with energy eigenvalue £ > 0 we make an separation ansatz
U = e E0(r, 0, ¢) (2.152)

so that
10,V = BV (2.153)

which gives a time independent equation

@ P+ Bm+ V() = EV. (2.154)

For a Hydrogen-like atom we take

Za e?
Vir)=—— = —. 2.155
r=-22 a=2 (2155)
The total AM operator J commutes with (&-5—1— fm) as in section 2.7. Also J commutes
with V(r) because V (r) is independent of Spin and as in section 1.3, orbital AM operator

L commutes with V (r). Thus [J, H] = 0.

The problem can be solved using simultaneous eigenstates ¢§',m of ﬁ, J, and the parity
operator P (which takes ¥ — —&). The corresponding quantum numbers are j(j + 1), m
and (—1)!, where [ is orbital angular momentum.
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For the spin-1/2 electron, the allowed values of j are j = [+ 1/2. The gory details of
the calculation can be found in section 2.3.2 of [4], with the result for the energy levels

17202 17%* ( 1 3

E,;=m. - SV R) + O((Za)G)] (2.156)

2 p2 2 pd

This result predicts correctly the splitting of the energy levels with the same princi-
ple quantum number n but different j (Fine Splitting); It does not predict the observed
splitting of energy levels with the same n and j but different parity (—1)" (Lamb Shift).
This requires the quantization of the EM field A¥and, hence, the use of Quantum Elec-
trodynamics (QED). Other important quantum corrections are discussed in [4].

(draw the energy levels with n =1 and n = 2)

3 Propagator Theory

3.1 Introduction

We need a method for calculating the rates of physical processes such as scattering of
particles or the decay of a particle into other particles in RQM. In non-relativistic QM
this is done using time-dependent perturbation theory. We shall develope an alternative
approach that can be generalized to RQM — Porpagator Theory. This is equivalent to a
complete solution of the Schrodinger equation.

3.2 Non-Relativistic Propagators

The starting point is the Huygen’s Principle: In Optics this says that the propagation of
a light wave can be understood by assuming that each point on the wave front acts as
a source of a secondary wave which spreads out spherically. This idea can be applied to
QM, since the Schrodinger equation is a linear differential equation and, hence, any linear
combination of known solutions is also a solution.

If the wave function (¢, Z) is known at some time ¢, then for some later time t' > ¢
the wave function (¢, Z') may be found by treating each point of space at time t as a
source of a spherical wave. At the time t/, the amplitude of the wave which propagated
from & at time ¢ to & at time ¢’ will be proportional to ¥ (¢, Z). We write the contribution
to Y(t', ') as

iG(H, 275 t, D)Y(t, T) (3.1)
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and summing over all contributions gives
O, F) = i / B, Tt FY(t 7). (3.2)

G(t',2';t,%) is referred to as the Green function or Propagator, and the knowledge of
G(t',7';t,x) will enable us to construct the wave function at a later time from the wave
function at an earlier time.

3.3 Construction of the Interacting Propagator from the Free
Propagator

We construct the propagator for a particle that interacts with a potential an arbitrary
number of times from the propagator of a freely moving particle. Later we shall construct
the free propagator which we will denote by Go(t', ¥';t, ) and we will use at times x and
x’ as shorthand for (¢, %) and (¢, 7).

Suppose that an interaction potential is turned on at time ¢, for a short time interval
Aty. For t < ti, the wave function is the free particle wave function that we denote by
o(t, T). It obeys the equation

o) =i / BrCo(t', 71, T)O(t, 7). (3.3)

For t > t; + Aty, the wave function ¢ differs from ¢ by an amount A¢ induced by the
potential V. A¢ can be calculated using the Schrodinger equation

() 50 = oo,
() % = (Ho+ V)0, (3.4)

where H, denotes the free Hamiltonian, and (a) and (b) are the Schrodinger equation
without and with interaction, respectively.

Integrating (a) and (b) from t; to t; + Aty, at & = &, yields
(a)  i(o(ts + Aty, 71) — ¢(t1, 1)) = Hod(t1, 71) Aty
(b) i (Wt + Aty, 1) —(t1, 71)) = Hop(t1, T1) Aty + Vb(ty, T1) Aty . (3.5)

Since at time ¢; the interaction has not occured yet ¥ (1, ¥1) = ¢(t1, Z1), and subtracting
(b)-(a) gives, provided that At; is small:

i (Ut + Aty, 7)) — oty + Aty, 71)) = V(t1, 1) (t, 71) Aty
— ZA¢(t1, fl) = V(tl, fl)¢(t1, fl)Atl
— Agb(tl,fl) = —iV(tl,fl)Qﬁ(tl,fl)Atl (36)
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For t > t; + Aty, there is no interaction and so A¢ evolves like a free particle wave
function, so that

AQS(t,,f/) :’i/d3$1G0(t,7fI;t1,fl)AQS(tl,fl)
— A¢(t/,f/) :/dgleo(t,,f/;tl,fl)V(tl,fl)¢(t1,fl)Atl (37)

The complete wave funtion at t',2 for ' > t; + Aty is therefore (¥, 7) = ¢(a') =
o', ') + Ag(t', Z') and hence

O, F) = i / Py Go(a's ) ()
4 / P Gol's 1)V (1) (1) Aty (3.8)
Also ¢(a1) = i [ PaGoly; 2)d(), s0
P(a') = i / i [Gg(l‘/;x)—i- / P Golals e )V () Colws )M | () (3.9)
where we have used that ¢(z) = ¢(x) for ¢ < ;. We conclude that
W(a) =i / PG )0 (x) (3.10)

with
G(2';x) = Go(2'; ) + /d3x1G0(x’;xl)V(xl)Go(xl;a:)Atl (3.11)

This is the propagator for a single interaction between ¢t = t; and t = t; + At;.

Continuous Interaction: if the interaction of the particle with the potential is occuring
continuously the Interaction Propagator becomes

G(2';x) = Go(a';2) + /d4$1G0(37/; z1)V(21)Go(z1;2) + . .. (3.12)

where we have replaced At; simply by f dt, where the ... indicate higher order terms for
multiple interaction that go like V2, V3, ... and we have defined [d*z = [dt [ d*z.

The wavefunction at a ¢’ > t is related to the wave function at time ¢ by

(z') = i/d?’a:G(:v/;x)dJ(x) (3.13)
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3.4 Scattering Amplitudes

We are interested in studying the scattering of a particle off a potential, e.g. an electron
scattering off a Coulomb potential due to a nucleus.

The incoming particle for ¢ — —oo is a free particle, and the outgoing particle for
t'" — 400 is a free particle. We want to calculate the Probability Amplitude Sy; for the
transition from the state with the free particle wave function ¢;(¢, Z) for t — —oo to the
state with the free particle wave function ¢¢(¢', ") for t' — +o00. If we work with plane
wave solutions, then for t — —oo,

Bi(t, ) ~ €I BTD (3.14)
and similarly for ¢ for ¢ — +o0.

Sy; is called the scattering amplitude at the time ¢’ > ¢. The Interacting particle wave
function 1; which develops from the free particle wave function ¢; is given by

Gila') = Tim i / PG (s 7)64(x) (3.15)

t——o00

If we substitute for G(2';z) from eqn. (3.12) we can calculate the Interacting particle
wave function ;(2") to arbitrary order in V. Then,

Spi = lim (gp(a)|1hi(2"))

t'—4o00

= lim [ &2 ¢5(a")i(2"). (3.16)

t'—4o00

3.5 Differential Equation for G

To obtain G (and hence G) we derive a differential equation for G which we specialize to
Go. We will then be able to calculate scattering amplitudes following section 3.3 and 3.4.

Write ¢(2') = i [ PzG(2,x)y(z) for ¢ > ¢ and ¢(2’) = 0 for ¢’ < t to ensure
that NO propagation of waves backwards in time occurs which would violate causality.

Equivalently:
G(z';z) =0, fort' <t. (3.17)

We can summarize this in the equation

Ot — () = i / BrC's 1) (x) (3.18)
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where 6 is the step function, which is defined as

o J Lt =t>0
o(t t>_{0,t’—t<() (3.19)

The step function also has an interesting integral representation

1 +o0 d —iwT
0(r) = lim —— we .
=0t 2mi ) o (w+ie)

(3.20)

This can be checked by evaluating the corresponding contour integral in the complex
w plane, where the contour is taken to be a path along the real axis which is closed at
infinity by a half-circle in the lower or upper half-plane. For 7 > 0 integrate around a
half-circle in the lower half-plane to ensure exponential damping of the integrand, and
the value of the integral is 1 by Cauchy’s theorem, since the pole at w = —ie is inside
the closed integration contour. For 7 < 0 the contour is closed above and the integral
vanishes because the pole lies outside the contour.

The derivative of the step function € is the Dirac 0 function

g 1 +oo
dr 2w )

dwe ™7 = §(7) . (3.21)

The wave function ¥ (z") obeys the Schrédinger equation

0Y(x') _ / /
= = H(x)y(x"), (3.22)

thus,

= z‘Tw(x’) +6(t' — 1) (i% - H(x’)) ()

= i6(t' — )y (a')

_i / P (i% - H(x’)) Gl 2)0(). (3.23)
This is true for arbitrary ¢, thus

(z% — H(:C’)) G2 x) =6(t' —t)6(7 — ) = 6* (2’ — ) (3.24)

because for any function f(Z)

/ B — D) f(T) = F(T). (3.25)



Eqn. (3.24) is the differential equation which we shall solve for G with the bound-
ary condition Go(a’;z) = 0 for ¢’ < t. This defines the retarded Green’s function or
propagator.

3.6 Free Particle Propagator

Now we will solve (3.24) for the case of a free particle. Then,

" " l =
and (3.24) becomes
0 1 52 boN g
<z% + %V ) Go(z';z) = 6% (2" — x) (3.27)

where V' denotes derivates with respect to (the components of) . Because of the homo-
geneity of space-time, G can only depend on the combination z’ — x.

Perform a Fourier Transform:

dwd3p

—iw(t —t) i (& —7)
WGQ(W,@@ e'? . (328)

Go(2',x) = Go(2' — ) = /
Substituting this in (3.27) gives

3 - 3
/de v (w _ p_) Golw, p)e @t —D i@ —%) — / ed P o —iwt'—0) i (&' —2) (3.29)

(2m)4 2m (2m)4
=52/ —a)
where we used 27 (@) = jp 7@ et
Comparing the Fourier coefficients,
I
-— |G =1
(w 2m) 0(w7m
1
— Go(w,p) = 77—~ (3.30)
(o~ %)

except for the singularity at w = %. The correct presription to deal with this singularity

which ensures the retarded boundary condition turns out to be

Golw, f) = ( : (3.31)
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where ¢ — 0T after integration.

Now,
d3 L +too g —iw(t' —t)
Go(a' —x) = lim [ — L eP@== / Sl . (3.32)
0t ) (2m) —so 2T (u) -+ ie)
Using the same contour integrations as for 6(t' — t) in section 3.5, we find that
+oo g —iw(t' —t) 2,
/ e = —if(t — t)e a0 (3.33)
—— (w— f—m—l—z’e>
thus g
Go(a' —x) = —i / (27:;3(3”7'@ Dm0 — t). (3.34)

We can now check by inserting this expression for Go(z’ —x) into (3.27) that this is indeed
a solution of (3.27). Because of the 6(t' — t) factor it also satisfies the correct boundary
condition Gy(z' —x) =0 for ¢’ < t.

3.7 Interacting Propagator and Sy;

We can calculate the interacting propagator from the free propagator using
G(2';x) = Go(a';2) + /d4x1G0(x/; 1)V (21)Go(x1; 1) + order V2 (3.35)

Then we can use section 3.4 to calculate the scattering amplitude Sy; from the initial
state ¢ to the final state f

S = [ sl
— Spi :it/_>+£i01§1_)_oo/d3:n’/d%gb}i(x’)G(x';x)qzﬁi(x) (3.36)

Substituting (3.35) into (3.36), the G term contribution is

o ¢ Jh? /dgxlgb}(x/)i/d%Go(x/;x)¢¢(m)+...
= 1 B gk (o IN 4 (]
= Jlim [ 26} (a")oi(a) + ..
= Opt..., 57

if we use Normalised wave functions. In the particular case of plane wave functions dy; is
replaced by 6*(py — p;).
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Thus the complete expression is

Sfi == 5fi—|—i lim /d3 //d3 /d4l’1
t' —+o0,t——00

X ¢ (2")Go (2 21)V(21)Go(a1; 2)ds(2) + . ..
= Sfi = 5fi — Z/d4$1¢;($1)v<$1)¢2(1’1) + ... (338)

If the interaction potential V' is not too large then the first few terms give a good approx-
imation to the Scattering Amplitude.

3.8 Relativistic Electron Propagator

To generalize the propagator theory to the relativistic case we proceed somewhat intu-
itively. We need to generalize the differential equation for the non-relativistic propagator
G(2'; ), which we found in Section 3.5 to be

(%;fm)>Qﬁ@:&W—@. (3.39)

This should be compared to the usual (homogeneous) Schrodinger equation

G%—HU)W@=U (3.40)

With the Dirac equations in an electromagnetic field

@(V-—m)¥ = —qy- AV
(Y —ed—m)¥ =0, (3.41)

this suggests that the Relativistic Propagator, which we will denote by S (2’5 z) should
obey the differential equation

(iV'— eA'— m) Sp(a: x) = 16* (2’ — z), (3.42)

where S r is a 4 X 4 matrix. In longhand notation this becomes

3" [V, — eAu(a)) —ml] [§F<x'; x)} = Lot — ). (3.43)

A=1
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3.9 Free Electron Propagator

The free electron Propagator is denoted by Sg(z’; x) and obeys the differential equation
(iV'—m) Sp(z'; ) = 16* (2’ — ). (3.44)

Using homogeneity of space-time we can take Sr to depend only on ' — x. Now write
Sr as a Fourier transform

Sp(a';x) = Sp(2' —z) = / (§W1;4e_ip'(“’/_’”)gp(p) (3.45)

and substitute it back into (3.44). Noticing that p- (2’ — ) = po(t’ —t) — p’- (Z' — &) and
V'=7"2 + 7V we get

d4 ; / — — O
/ (27:;4 e P (70pg — 5 - = m)Sp(p) = 6*(a' — 2)I. (3.46)

But on the other hand the Fourier transform of a Dirac ¢ function is 1, so we can write

d4p —ip- (2 —x
S — 1) = / e e, (3.47)

and we only have to compare Fourier coefficients. We conclude that

(p—m)Sp(p) =1, (3.48)
and hence we find for the free electron propagator in momentum space
Se(p) = (h—m)™", (3.49)

which can also be written as v )
5 +m

for p? = m?.

There are singularities at p?> = m? because the denominator in Sp(p) becomes zero
and the propagator develops poles. The singularities are localized at

B =
= po=t+\VpP?P+m?=+E. (3.51)
This means that the singularities occur when the 4-momentum p is on-shell i.e. it obeys
the relativistic energy-momentum relation p? = m?.

We use Feynman’s boundary conditions to handle the singularities. More specifically,
Sp(x' — x) describes the the propagation of an electron (e~) from the space-time point
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x to z’/. Positive (negative) energy electrons are represented by wave functions with
positive (negative) frequency time behaviour, namely e~ (') where w > 0. Because
of hole theory, electrons are associated with positive energy electrons propagating forward
in time, and positrons are associated with negative energy wave functions propagating
backwards in time. (Recall that a negative energy wave function of 4-momentum —p,
which is propagating backwards in time, represents a positron of momentum +p, which
is therefore propagating forward in time.)

To ensure that an electron (positron) does not spontaneously change into a positron
(electron) we require that a positive (negative) frequency wave propagating from x into
the future (past) possesses ONLY positive (negative) frequency components. Therefore
we have to require that for ¢’ > ¢ (' < t) the propagator Sg(z’ — z) contains only positive
(negative) frequency components. These are the Feynman boundary conditions on Sg; it
turns out that in momentum space this translates into (ie prescription)

Sy (ptm)
Sr(p) = (p2 — m?2 + ie)’ (3.52)

where € — 0.

Let us check this for ¢ > ¢. Starting point is the Fourier transform of (3.52)

4
SF(.T/ . ZL') _ / d p e—ipv(x'—z) (26 + m)

(2m)* (p? — m? + ie)
_ / ) / o oy __D+m) (3.53)
(2m)3 o (p? — m? + ie)

Let us focus on the py integration. For ¢’ > ¢ we evaluate the py integral by closing the
contour with a semi-circle in the lower half py—plane, since

e—ipo(t'—t) _ 6—1'5}3(170)(75/—t)+9(po)(t/—t)

eSPo)(t' 1) ,—iR(po) (¢'—1) (3,54)
and for ¢ > t we have e3P~ — 0 if J(py) — —o0.

Thus the integral along the large semi-circle is zero. Therefore,

/+OO @e*ipo(t'*t) (P +m)

o 2 (p? — m? + ie)
_ dpo —ipo(t'—t) (p+m)
= /c 5 € =) (3.55)

where C denotes the closed contour. For small €, the singularities are at pg = £ — 21—2 and
po = —FE + 55. Since € > 0, the singularity at pg = —F is pushed into the upper half po
plane and is, therefore, outside the contour and the singularity at po = FE is inside the
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contour. Instead of adding the small imaginary parts, we can slightly deform the contour
to include the singularity at p = F and exclude the singularity at po = —F.

e~ o' =1) P+m) (P —§-F+m)e Pl

= 3.56
F—m? " mt B D) (390
with B = /p? + mZ2.
Thus the residue at py = E is
(Er® = 5 7 + m)e P9
5F . (3.57)
Consequently, for ¢/ > ¢
. dgp i (T —3) —iE(t — (E70 — ﬁ 5; + m)
Sp(x —x) = —z/ (27T)36p( Jem B oF (3.58)

As required this contains only positive frequency modes.

For ¢ < t we have to close the contour in the upper half py plane and we find in a
similar fashion that only negative frequency components contribute.

3.10 Electron Propagator in an Electromagnetic Field

The propagator 5 r(x'; x) satisfies
(iV'— eA — m)Sp(a; ) = 6 (2 — 2)I (3.59)
We obtain an integral equation for Sp (2';x) as follows
(iY'— m)Sp(a'; ) = ed'Sp(2'; 2) + 6*(a’ — x)
= (V= m)Sp(a'sz) = / 254" — o) |62 — @) + eA'Sp(a"s )| (3.60)

)

However, (iY'—m)Sr(2'; x) = §*(a’ — x) for the free propagator. Consistency is obtained
if

Sp(a';z) = /d4$”5p(x’;x”) [(54@” —z)+ eA”gp(a:”;x)] : (3.61)
which can be checked by acting on both sides with (iY'— m).

Therefore, replacing x” by x1, we obtain

~

Sp(a;z) = Sp(x'z) + e/d4x15F(x’; x1) A(x1)Sk(x1; ), (3.62)
which is an integral equation for S, r which may be solved by iteration;
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e zeroth order: Neglecting e we have Sp(z/; z) = Sp(a/; x).

e first order: To first order in e4, substitute the zeroth order solution for Sp on the
righthand side of (3.62) to obtain

Sp(a';z) = Sp(a'; ) + e/d4xlSF(x’; x1)A(x1)SE(x; 1), (3.63)

and so on for higher orders.

The positive energy Dirac spinor U at time ¢ > ¢ is related to the wave function U at
time t by

B(a') =i / B8 (s 2) U (x) (3.64)

where ¥ denotes an Interacting electron, whereas the free wave function at ¢ > t for a
positive energy electron is

U(z') = i/d3xSp(x'; z)U(z). (3.65)

3.11 Scattering Amplitudes for Electrons

The incoming particle for ¢ — —oo is a free, positive energy electron and the outgoing
particle for t' — 400 is a free electron. The electron has been scattered by the electro-
magnetic field A,. We wish to calculate the probability amplitude Sy; for the transition
from the state with the free electron wave function ;(¢, ¥) for ¢t — —oo to the state with

the electron wavefunction (¢, ") for t' — +o0.

At time ¢’ > t, the interacting electron wavefunction QZZ which develops from the free
electron wave function ; is given by

t——o0

Ui(2') = lim i/d?’xgp(x';x)@/}i(x). (3.66)
Substituting for Sp from (3.62) we get @Z(x’ ) to any required order in e. Then

Sy = lim (p(a’)|i(a”))

t'— 400
= lim d%@ﬂx’)@(m’) : (3.67)

t/—4o00

where 1) denotes the adjoint spinor 1f~°.
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Proceeding as before

Spi=14  lim /d3x'/dgxaf(x/)gp(x/;x)wi(x) (3.68)

t' —~4o00,t——00

Substituting (3.63) for Sp in (3.68) gives

Sy = lim /de’Ef(a:/)i/dngp(:L”;x)wi(x) +...

t' —400,t——00
= t,EIJIrlOO P () hi(a) + . =6+ (3.69)

Note, that df; has to be replaced by a Dirac ¢ function if we consider plane wave solutions.

If we use normalized wave functions the complete expression (to first order in the
interaction) for Sy; becomes

Sy o= Op+i lim e/dgx’/d?’x/d4xlwf(x’)sp(x';xl)A(xl)SF(xl;x)wi(x) + ...

t' —+o00,t——00

3.12 Scattering Amplitudes Involving Positrons

For a positron scattering off an electromagnetic field, we note that to lowest order in the
interaction the cross section is identical to electron scattering. Here the incoming state is
a negative energy electron in the future propagating backwards in time with wave function
; and the outgoing state is a negative energy electron in the past with wave function ;.
Then,

Spi=lim (4p(a")du(a")) (3.71)

and we get essentially the same result with negative energy wavefunctions. Note that
the momentum of the ”"incoming” negative energy eletron is related to the momentum
of the corresponding outgoing positron via pf = —p?, and that the momentum of the
“outgoing” negative energy eletron is related to the momentum of the corresponding
outgoing positron via p; = —pf+.

4 Applications

4.1 Scattering of an Electron from a Fixed Coulomb Potential

This is the Rutherford scattering problem. An electron e~ scatters off the Coulomb
potential due to a nucleus. We calculate the scattering amplitude Sy; to first order in e

52



(i.e. to first order in the interaction) then, if the final state is different from the initial

state (i # f)
Sy = e [ d'ai3;(a) Aw)i (o) (1)
If we choose free particle wave functions ¢; and 1y normalised in a box of volume V', then

1 .
vi(z) = e P U (py, s;) and

Yp(x) = A B Py Sy)- (4.2)

Normalisation of wave functions

Recall that the probability density is p = 1f1). Now take

Y = Ne P*U(p,s)
= p=1lp = |NPe P7etP*Ui(p, s)U(p,s) = INPU (p,s)U(p,s)  (4.3)

Integrate this over the volume V'

/ Poily = |NPUp,s)U(p. ) / e

= INPU'(p,s)U(p,s)V
= |N|22EV =1, (4.4)

from which we find

To describe the Coulomb potential due to a nucleus of atomic number Z we take

—Ze -
=" A=0. 4.6
Then 27 i
1€ 1 1 = T
S P = - U , S OU iy Si /—_,el(pfpi)'x, 4.7

-

and the integral is
3
L= /dajoei(Ef_Ei)xO d_xe—i(ﬁf—ﬁi)5
7]
47
5 (4.8)

4]
53

— 2r6(E; — E))



where ¢ = py — p;.
Thus the scattering amplitude is

ie’Z  Ulpy, s;)7°U(pi, s:)

S i =
I v /EE; 7]

The transition probability from state i to state f is given by |Sy;|?

o18(Ey — Ej) . (4.9)

|S .|2 — Z2<47T()é)2 |U<pf7 Sf)’yOU(pZa Si)‘2
" T AW EE, FiE

276(Ef — E)))? (4.10)

What is the interpretation of [2m0(E; — E;)]*?
Write

+oo
27T5(Ef — EZ) = / dtei(Ef_Ei)t
) +T/2
= lim dte!(Fr—Et
T—oo J_1/2

) 1 (Ee—EN 1 T/2
_ l(Ef Ez)t
A i(E; — E) e [
2sin((Ey — E;)T/2)

= i 4.11
T (By - B ’ )

thus
4sin®*(E; — E;)T/2)

216(Ey — Ey))* = li 4.12
However, it is known that for o < E; < 3
fsin®((Ef — E;)T/2)
: dE; = 21T 4.13
/a (Ef — E¢)2 ! TL o, ( )

for large T". Hence, we can interprete the RHS of (4.12) as 2nT6(E; — E;) and we can
take the intepretation

276(E; — E))* = 2nTS(Ey — E;). (4.14)
The difficulty we encountered can be avoided by using wave packets instead of plane

waves.

With this intepretation of the square of the Dirac d-function, the transition probability
per unit time becomes
|Spil® 87 Z%a® |U(py, 51)7°U (pi, 50)
T — V2EE; |74

5(B; — E). (4.15)
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We are interested in the transition probability with a chosen range of final momenta,
Py to py + dpy contammg d3pf states. This is

V 2

d*ps| Sy 4.16
(27T)3 pf| f ( )
In spherical coordinates in momentum space
Epr = pid infdfde 4.17
py = pydpy sinfdfde (4.17)
dQ= solid angle
where py = |py|. Thus, we require
4 |Syil”
phdppdQl f (4.18)

(2m)

The differential cross section do(6,¢) for scattering into the final solid angle dS is
defined to be

Probability per unit time of a transition into dS)

do (0, ¢) = (4.19)

Fluz of incident particles

where (Flux of incident particles) = (Incident probability per unit area per unit time).

Thus,
Flux = ($f¢y)  x 7] (4.20)
~—— E;
Probability density ::'I/
Recall probability density p = 1 and with our normalisation
2F 1
f, =2B|N|? = = = — . 4.21
Thus, the flux of incident particles is
il
Flux = ) 4.22
ux = o E, ( )
Now the differential cross section into a solid angle df2 is given by
d 3V 2202 F; iy Si 2d
_U — 8V / pf,Sf’YU(p,SN 5(Ef_Ez)M
dQ (27)3V E;|pi] |q]* Ey
Z2 2 U OU i S 2 Qd
_ - | (pf75f> h (p78)| 5<Ef—Ei)pf pf. (423)
Bil Jo [ Ey
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Because E7 = p} 4+ m® we have

2Edef = prdpf y (424)
and the integral in (4.23) becomes
e U OU 2
/ aE,! ’7@14 505, — B, (4.25)
0

The ¢ function results in setting £y = E; and |py| = |p;|. Therefore,

= U(ps,57)7°U (pis si) (4.26)

all evaluated at Ey = E; and |py| = |pil.

If we do not observe the spin state of the final electrons, then we should sum over final
spin states (polarisations) in j—g. If in the incident beam of electrons each spin is equally
likely (unpolarised beam), then we should also average over the initial spin states. In that

case,
do  Z2%a? =

_ 3 U (p;, 8;)? 4.27

0 2|q_14§ U (ps.s:)7°Ulpi si)|* (4.27)

SfySi

all evaluated at Ey = E; and |pf| = |pi|. Note that we multiplied with 1/2 for the average
over the two initial spin states.

Such spin summations are evaluated by reducing the problem to evaluating the trace
of a matrix and occur often in scattering problems, so we will digress a little into this
subject.

4.2 Trace Theorems

Abbreviating U(py, s¢)7°U (pi, si) to U(f)7°U (i) we need to study [U(f)7°U(i)[*. Con-
sider the general case, which is useful for other scattering amplitudes, |U(f)TU(i)|* where
I' is some 4 x 4 matrix. Usually I" is a product of various y-matrices.

First notice that . o
(U(fTUG))* = TEHTU(S) (4.28)

where I' = 4°T'14%. Thus, we need to evaluate

[UHTUG =TTV @ UHIU(0)" = UV U GHTU(S) - (4.29)
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Using the properties of y-matrices we can show that

7=
P = et = =y (4.30)

and

The spin sums are reduced to matrix traces as follows. We use the following property of
Dirac spinors which can be derived from their explicit representation

S Ua(p,)Ts(p, ) = (p+ mD)as. (4.32)

= by + mD)salap(Pi + ml)p,I'ss
=> ((py + mDI(p; + mI)T) (4.33)
o

= > |UNTUG)* = Tr (b + mDT(f; + mI)T) (4.34)

S§,8i

Therefore, the problem of evaluating the spin sums reduces to evaluating the trace of a
matrix.

The following Theorems turn out to be useful in applications.
Theorem 1: Tr(¢y ... ¢,) = 0 if n is odd.

Proof:

Tr(gy...dn) = Tr(di-..dnys57s)
= Tr(vsdy ... dn7ys)
= (=D)"Tr(dy ... duv575)
= (=1)"Tr(dy...dn), (4.35)

where we have used 7575 = I in the first line, the cyclic property of any matrix trace in
the second line. The identity vy5v* = —+*~v5 was used n times in the third line to bring
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75 from the left in the matrix trace to the right inside the matrix trace and in line four
we used again 575 = L.

Thus for odd n
Tr(gy...dn)=—=Tr(dy...¢n) = Tr(¢y...¢n) =0. (4.36)

Theorem 2: T'r(¢p) = 4a-b

Proof:

Tr(gp) = Tr(pd)
_ %(Tr(gzib)—l—T?”(M))

= ST )

1
= 5 Tr(aub, (7" +7"7"))

1
= §Tr(aub,,29’”’]l)

a-bTrl
4a-b Q.E.D. (4.37)

Theorem 3: Tr(dpéd) = 4[(a-b)(c-d)+ (a-d)(b-c) — (a-c)(b- d)]
Proof:

Use {d1, @2} = 2a; - asl. This follows from {y#*,7"} = 2¢"I:
{dtr, dtz} fiafio + dogly

(a1)ulaz)u (V" + ")
(a1)u(az),29"1
2ay - apll (4.38)

Trightd) = —Tr(pafd) + 2(a - b)Tr(Ifd)
Tr(ptdd) — 2(a - o)Tr(PId) + 2(a - b)Tr(f4)

—Tr(bdd) + 2(a - )Tr(p) — 2(a - ) Tr(pd) + 2(a - 0)Tr(fd) , (4.39)

from which follows

Tr(ghed) + Tr(bidd) = 2Tr(dbéd)

2(a-d)Tr(pt) —2(a - c)Tr(pd) + 2(a - b)Tr(¢d) . (4.40)
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Using Theorem 2 we find

Tr(dgptd) = 4(a-b)(c-d)+4(a-d)(b-c)—4(a-c)(b-d). (4.41)

4.3 The Mott Cross-Section

Return to the spin avaraged differential cross-section for scattering an electron off a fixed
Coulomb potential — the Mott Cross-Section.

We need 79 = 70(19)14% = 499999 = 40, Then in do/dQ we have the term
> Tr U sof = Tv (B + mI (B + mI)70)

= ((r + mDA° (s + ml)y°)
m*Tr(v°9°) + mTr(py°°) + mTr(y°pn°) + Tr(pe pn")
m*Tr(L) + Tr(pey"pin”)
Am? + Tr(]bfvojbwo) , (4.42)

then introduce the 4-vector e = (1,0,0,0), so that ¢ = 4°. Hence, we can write

Tr(pe'pn") = Trsfpif)
= 4[(ps-e)(pi-e) + (pi-e)(ps-e) = (ps-pi)(e-e)]
= A2E;E; —py-pil - (4.43)

Therefore,

Z |U(pf> Sf)'YOU(pu si)|” = 4[m2 + 2EE; — py - pi] (4.44)

8i,S§

evaluated at £y = E; and [py| = |p;| becomes,

N U s, s Ulpisi)P = Alm?® + 2B E; — (E¢E; — fy - )]
5;,5f
= 4[7712 + Esz +ﬁf . ﬁ@]
= 4A[m* + E;E; + |py|pi| cos 0]
= 4] m? +E? 4 |p|*cosb]
7E2 ‘1312
= 4[2E* — |p]* (1 — cos )]
—_——
=25in?(0/2)

= 8[E? — |p|*sin®(0/2)] (4.45)
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= > |U(ps, s)7°Ulps, i) = 8E°[1 — 3*sin®(6/2)], (4.46)

SiySf
with = 2.

The differential cross section also depends on

¢ =@y —p)° = D} +P; — 205 - P

= |ps* + Bi|* — 2|9 |p;| cos 0
= 2|pl*(1 — cos )
= 4|p*sin*(0/2), (4.47)
hence,
1" = 16]p1* sin'(6/2) (4.43)

Now, the spin avaraged differential cross-section is

do Z2a? —
- = U U (p;, si)|”
70 o > Ulps, 59)7°U (pir 5:))|
85,8
Z2a?
= 8E?[1 — *sin®(0/2
st (g2 F L~ 0 se(6/2)]
Z2a?
= 1 — 3?*sin%(6/2)), 4.49
4|]§1262SIH4(9/2)< ﬁ Sim ( / )) ( )
where = %. This is the Mott Cross-Section.
In the non-relativistic limit, p — mv, § = % = mﬂ'f' = |9 (note that we set ¢ = 1)

and the 3?sin?*(f/2) term can be neglected. Then, we obtain the Rutherford formula for
Coulomb scattering of an electron:

do Z%a?

dQ  4m?2|v]* sin*(6/2)

(4.50)

4.4 Electron Scattering from a Dirac Proton

Instead of considering the scattering in a fixed potential, as in the last section, we consider
the scattering of an electron in the EM field generated by a free Dirac proton. We visualise
this process in terms of the electron e~ and the proton p exchanging a photon which may
be virtual, i.e. ¢* # 0

(figure goes here)
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The Scattering Amplitude to first order in the charge e is given by

Sy = —ie / 0 () Al () (4.51)

where 1); and 9y are free particle wave functions for the initial and final electron and the
EM 4-vector potential A* is produced by the EM 4-vector current J* due to the proton
p. Note that J# has components (p, j) where p is the charge density and j is the current
density vector. We need to calculate A* in terms of J#, which is done using the a photon
propagator (Green’s function).

The Maxwell equation in Lorentz gauge 9,A* = 0 is given by
OA*(x) = 0,0V A (x) = JH(z) . (4.52)
In the absence of any sources or currents
0,0" At (x) =0, (4.53)
which suggests the introduction of a propagator D (z — y) for the photon, obeying
9,0" Dp(x —y) = 6'(z —y), (4.54)

where the derivatives are taken w.r.t. . The corresponding momentum space propagator

Dp(q) is defined by

Dp(z —y) = / %e—"q'(f‘—y)bp(q). (4.55)
Therefore,
00 Dita— ) = [ G he TP 4 PDel)) =0 e -y) (450)

and, since the Fourier transform of the ¢ function is 1, —QZDF(q) = 1. Thus,

Drlg) = ;—1 (4.57)

for ¢*> # 0, and in analogy with the e~ propagator, we avoid the poles at ¢*> = 0 by writing

. -1
D = 4.58
0= 5o (458)
with € — 0. Thus the photon propagator is
diq _. -1
Dp(x—y) = [ ——e vy 4.59
r(@ =) / (27r)46 ¢ +ie’ (4:59)
and, hence,
w(@) = [ d'yDite— g)) (4.60)
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obeys
0,0" At (x) = JH(x). (4.61)

Now, we can write the S-matrix element

Syi = —ie / 0 (@) Alw) b (x) = —ie / Aoy (@) pn(z) A (z)  (4.62)

S = —z’e/d4a:/d4yaf(a:)'yuwi(a:)Dp(x —y)J*(y) . (4.63)

Next, we need an expression for the proton current J#(y):

Recall that the probability density of a Dirac particle is ¥T¢) = 1% and the probability
current is i@y = %@y = Y1, For a particle of charge ¢, this will give the charge
density p = ¢y and the current density vector j = qy1. Thus the 4-vector current is
J# = qpy*ep. For a proton with initial wavefunction 97 (x), final wave function P4(z) and
charge +e, the generalization of J# is the so called Electromagnetic Transition Current

JH = e@?(m)y“wf(x) : (4.64)
so that

Spi = Z./Cﬂtw/dl"y( — et (@) i) Dr(a — ) (+ edly (x)y"v] (2)) (4.65)

The S-matrix element couples the EM transition current for the electron to the EM
transition current for the proton through the photon propagator.

Normalising in a box of volume V| as in the last section, the free particle wave functions
for the incoming and outgoing electrons and protons are:

1 .
. = Wi (. .
¢Z<m) me (plﬁsl)
1 .

— - 7zpf-:vU
V() 2EfV€ (pf:s¢)
1 .

P - —ihyy (P, S;
VW) = e URS)

1 .
Vi(y) = e VU (Py, Sy) (4.66)

V2EV

where &; and &; are the proton energies. Therefore,

1 1 1 R _
Si = 5.2 U , U i,iUP’S MUPi,Si
= T AR Jam v yaey yag vl P sl e s)U Py S U R )
< [dta [ty mnett P - y), (4.67)
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The integral in (4.67) is

4
L /d4x/d4yei(pf_pi).xt?i(Pf_P")'y/ﬂ@—i@(ac—y) -1
(2m)* q? + i€
dq¢ -1 o

B /Wm(2”)454(Q—Pf +pi)/d4ye (a+Ps=Pi)y

—1 ,
— el /d4yel(pri+PfP¢)'y
—1
= q2 n i6(2ﬂ')454(pf —D; + Pf — R) (468)

where ¢ is set to ¢ = py — p; due to the § function in the second line!

Thus,

1 1 1 1

Sp =
T VREV \ 2BV 2EV \ 25,V

(2m)*6* (py — pi + Py — P) My, (4.69)

where we have introduced the important quantity My;, which is also called Invariant
Amplitude or Invariant Matriz Element, and

ie?

My; = _?U(pf’ $¢)7.U (pis Si)U(Pﬁ SpU(F;, Si) (4.70)

with ¢ = py — p;. The Transition Amplitude from state ¢ to state f is given by

| Myl 2
S = Tog g eg v (20 s —pi+ P = R (4.71)

Using the interpretation of the square of the § function as in Section 4.1 we obtain for
large times T’
| Myi?

|Spil* = OB, &2,V (27)*6*(ps — pi + Py — P)VT, (4.72)

where we got an additional factor of the volume V' compared to Section 4.1 because of
the square of three ¢ functions for the three spatial momenta!

4.5 Evaluation of |My;|* for Electron-Proton Scattering

As in Section 4.1, we assume that the incident beams of electrons and protons are un-
polarised with each spin state equally likely. Hence, we have to average over initial spin
states. We also assume that we do not observe the final spin states of the electrons and
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protons. Therefore, we also have to sum over the final spin states. Thus, in order to
evaluate the cross section we need to evaluate

1 —
7D IMuPP =M, (4.73)
55,58i,9,5%

where the prefactor 1/4 comes from averaging over the initial electron and proton spin
states. In particular we need to calculate

Z |U(pf’ Sf)/y,UJU(pZu Sz)U(Pf7 Sf)’Y#U(Pz, Sz)|2
57,8:,57,5%

= Y (Ul sp)nU(pi, s)U(Pr, Sp)y"U(P,, S5)
57,8i,97,5%

X (Ulpg, s)wUpiy 5:)) (U(Py, SV U(P;, S5)) ]
= D Ups )V pi, 1)U (pis 51) j:/U(pfa Sy)

SfSi

=Y
x > U(Py, Sp"U(P;, P)U(P:, S;) 7 U(Py,Sy)

~—

St,S; v
= Tr((py + m)vu(pi + m)v) Tr (B + M)V (B: + M)Y") , (4.74)

where we have used several identities from Section 4.2.
The trace can be evaluated to obtain

Tr((By + m)yu(fi + m)y) = 4 [phof + Pl + g (m® — py - py)] (4.75)

and similarly for the proton trace. Thus,

L e (s + m (e + m))Tr (B + MVH(Bs + M)

16
= [P} + 05pf + g (m® = ps - pi)] (PR u(P)y + (Pp)u(P)y + guw(M? — Pf - P)]
= 2p;- Pyp;- P+ 2ps - Pipi- Py — 2m*Py - Py — 2M?py - pi + 4m* M? (4.76)

and finally we obtain

— 1
(Mpl* = 1 > M (4.77)
57,5i,91,5%
8e?
o8 [ps - Pppi - P+ py - Ppi - Py — m* Py - Pr— M?py - p; + 2m*M?] .
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4.6 j—g for Electron-Proton Scattering

The Transistion Amplitude per unit time per unit volume into the range of finite momenta
pf to py + dpy and Py to Py + dPy is

1Spl> V
VT (2n)?
_ My
16E,E;6,E;V1
_ (M

3 _
TPt = T

d3pfd3Pf

\%4
6 dspfd3pf

2m)* VT (ps + Pr — p PZ)T<27T)

8 (ps + Py — pi — P)d’psd® Py . (4.78)

doe

aa- we need:

To obtain the differential cross section for the scattered electron

do, = (4.79)
Probability of e~ scattering into solid angle df). per unit time

(Nr. of Target Particles)(Nr. of beam particles incident per unit area per unit time)

In our normalisation

(Nr. of Target Particles per unit volume) = % : (4.80)
also for collinear beams
(Nr. of beam particles incident per unit area per unit time) = % ’17:3 —oF ’
_ % %‘ + |SZ’ (4.81)
To obtain jgi we must integrate d®P; and d|py| but NOT dQ.. Now,
d’py = |py[*d|py|dSe (4.82)
and as in Section 4.1, |py|d|ps| = EfdE;. Hence,
d’py = |y |ErdEpdQQ. . (4.83)

The [ d*P; integration is trivial because of the ¢ functions in (4.78), i.e. we simply
have to evaluate everything at ﬁf = ]31 + p; —py. We find

[ Myil? |Py| ErdEpdQ.
do. = o(Er+& — B —¢& 4.84
’ / 16V2E1‘Ef5i5f(2ﬂ')2 % ‘{;’Ze — qj’ZP’ ( rtey ) ( )
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evaluated at ]3f =P+ pi — Py. Therefore,

do. M pi? 7
oe _ |Myil ﬂ |pf|ﬂp (4.85)
dQde  16E,EEp(2m)? |05 — U |
evaluated at Py = P, + p; — py.
For a target proton initially at rest p; = (Ei, 5;), ps = (Ey, p), P, = (& = M, P, = 0)
Then,
joe — | = &% (4.86)
2 K3 EZ
and —
d e M i .
o _ _IMpl” |5l (4.87)

dQ. — 16(27)2EE; |pi]

Slow Electrons: E;, By << M

In this case the proton recoil is tiny and & ~ & = M, E; ~ E;, |pf| ~ |pi| and
Py~ 0. This is like scattering off a static nucleus with Z = 1 and we should recover the
Mott cross section formula.

dO’e |Mﬁ|2
= 4.88
dQ.  16(27)2M? (488)
Also, with |M z;]? from Section 4.6, we obtain
SVIRE 8e! 2 2

with, ¢ = p; — p; ~ (0,py — i) = (0,3). Using |g]* = 16|p;|*sin*(0/2) from Section 4.3
and after further simplifications we recover the Mott cross section (with Z = 1)

do, a?

Q. 4|23 sin*(0/2)

(1— 3%sin’*(0/2)) (4.90)
where (= |p;|/ E;.

Ultrarelativistic Electrons: F;, E; >> m where m is the electron mass. In this case

simplification of [M f;|? leads to
do. a? [COSQ g - 2?\;2 sin’ g} 101
dQ. — 4E?sin* ¢ [1 4 2Eisin? 0] (4.9

which agrees with experiment.
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4.7 Feynman Rules

More generally, the Invarian Amplitude My; derived from a Feynman diagram is given by
the following Rules:

(a) Associate with each incoming/outgoing external electron (or spin-3 particle) line of
4-momentum p;/ps a factor U(p;,s;)/U(py, s¢).

(b) Associate with each incoming/outgoing negative energy electron line a factor V(p;, s;)/

V(py, sf) where —p; / —py are the 4-momenta of the negative energy electrons, i.e.
pi/py are the 4-momenta of the positive energy positrons.

(c) Associate with each internal photon line of 4-momentum ¢ a factor —i%.

(d) Associate with each interaction vertex a factor —iey* for a particle (or negative
energy particle) of charge e.

The Scattering Amplitude Sy; is related to the Invariant Amplitude My, as in Section
4.5. The differential cross section can then be calculated from |Sy;|* using the methods
developed earlier.

Example 1: For electron-positron scattering there are two Feynman diagrams contributing
to M fi

(picture goes here)

Then,
(2m)*6" (ps + ps — p1 — p2) - = . = .
o V2E\V\2E V2BV 2EV [(pg oY (p3)(—iey,)U(p1)V (p2)(—iey*)V (pa)
- mv%)(—i%)(f (pl)U(ps)(—iev“)V(m)} (4.92)

Note that the relative minus sign between the first and second term has been introduced
to ensure ANTI-SYMMETRY under the interchange of the two incoming electrons (one
of which has negative energy) and under the interchange of the two outgoing electrons.
Note that this anti-symmetrisation is only necessary if identical particles, in this case
electrons, are considered:

U(p1) < V(ps) OR U(ps) < V(p2)

Example 2: Electron scattering off a Dirac proton. There is only one diagram to consider
(photon exchange between the two particles) because the two particles are not identical. It
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is left as an exercise to check that the above stated Feynman reproduce the same invariant
matrix element My; and, hence, the same scattering amplitude as derived in Section 4.4.

Example 3: Electron-electron scattering. As in Example 1 there are two Feynman dia-
grams to consider; again with a relative minus sign between the two terms because of the
anti-symmetrisation under the exchange of the two incoming (and outgoing) electrons.
Denote the incoming electrons by 1 and 2, and the outgoing ones by 3 and 4, hence the
amplitude must be anti-symmetric under the exchange 1 < 2 and the exchange 3 < 4.
Application of the Feynman rules yields:

(2m)*0%(ps + pa — p1 — p2) i , _ -
Sti V2E\V\2EV\2EV\2EV {(p3 _ pl)aU (p3)(—iey,)U(p1)U (pa) (—iey*)U(p2)
- T )T () 0" U ) (4.9

(picture goes here)

5 Relativistic Quantum Field Theory

5.1 Background

The first example of a classical field theory was electromagnetism as described by Maxwell
o"F,, =3, , Fu=0,A, —0,A,. (5.1)

The first Quantum Field Theory (QFT) was the theory of the electromagnetic field A,,(z).
Quantisation of the electromagnetic field by imposing commutation relations led to a par-
ticle interpretation in terms of photons. The quantised electromagnetic field A, becomes
an operator that can create and annihilate photons. In simple terms, the quantised field
can be viewed as an infinite collection of harmonic oscillators.

To begin with let us consider the simpler case of the Klein-Gordon field ¢(z). The

main novelty here is that ¢ is treated as an operator rather than a wave function as we
did in RQM.

68



5.2 Field Equations

To a field ¢(x) we assign a Lagrangian density L£(¢,0,¢), and the corresponding La-
grangian is

L— / BrL(6,0,0) . (5.2)

The action is then defined as
to [2)
I / dtL — / dt / PrL(6,0,0) . (5.3)
t1 t1

The field equations or Euler-Lagrange equations are given by Hamilton’s principle or
variational principle 0/ = 0 for arbitrary variations d¢ of the field, with d¢ = 0 at the
boundaries ¢t = t; and t = ty. For arbitrary variations of ¢

51 = & / ’ dtL) = o( / " / F’xL(6,0,0))
_ / "t / B [L(6 + 86,0,6 + 0,(66)) — L(d,0,0)]

- / it [ gg00 <af¢> 169)

= / dt/d%éqﬁ[ 450 m)] =0, (5.4)

where we dropped a boundary term coming from partial integration due to the boundary
condition on d¢. Since this must be true for arbitrary variation d¢ we arrive at the field
equations

oL . oL
0¢  "0(0u0)

(5.5)

5.3 The Neutral Klein-Gordon Field

Consider a Hermitian field operator ¢(z) = ¢'(z) which satisfies the Klein-Gordon equa-
tion

(0,0" + m*)p=0. (5.6)
Note that ¢ is an operator and NOT a wave function (which would not make much sense
since ¢ is Hermitian i.e. real now). The Klein-Gordon equation is the field equation
derived from the Lagrangian density

L == (9,00"¢p —m?¢?) . (5.7)

l\’)l»—t

69



Any solution of the KG equation can be decomposed in terms of positive and negative
energy plane wave solutions (complete set of eigenfunctions)

o) = [ @ (ar W e) + a1 @) 5.9

Fik-x 7.2 2, T
where fi(x) = —\/me with Fy, = +V k2 +m?2. If ¢ is Hermitian, ¢" = ¢, then
a_(k) = al (k). Write ay (k) = a(k), a_(k) = a' (k). Hence,

o) = [ @ (a®fe) + (@10 @) (59)

It can be checked that f,;t () obey the orthonormality conditions
>
i / P fF ()0 7 (x) =0
i / B fF (1) Dy £ () = +63(F — F) (5.10)

where A<8—0>B = A0yB — (0pA)B. With the help of these orthonormality conditions we
can calculate a and a' in terms of ¢.

/dgasf,gfr)*(x)b—o)qﬁ(x)

— /d3k (a(k)/d3x O ()99 £ ()
vl ) [ ot @5 10w

-,

_ / Bl alk) (—i* (1 — F)) = —ia(K) (5.11)
Hence,
k) =i [ af (@5 o(a) (5.12)

and similary by taking the Hermitian conjugate we find

k) = =i [ daf @) o), (5.13)

The theory is quantised by first introducing a generalised momentum (density) II

conjugate to ¢ by or
= 9 = 00 = 6. (5.14)
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In analogy to the QM commutation relation [p,z] = —ih we impose the canonical com-
mutation relations

[1(1,8), 6(1, )] = —id*(@ — &) = |9(t, ), 6(1,7)|
[o(t, T), o(t, 7)) = [1(¢t, Z),11(t, 7)) = 0. (5.15)

The corresponding commutation relations for a(k) and af(k) can now be derived

[a(k), af ()] = i(~i) / dz / Py |7 (@) Do olw), £ (1) B o)

N 9 (+)x N 0 (o)
By 107050000 = G 1L @ola) £ ) 50-000) = o= 15 ()60)

Ey | =107 pla), o)) 517 0) — 517 @) 00) ) 57 0)

=—i63(F—7) =+i03 (§—7)

. * a — )% a * — )%
— [ / Brf) (“"”)a_:co () — / d%;a—% FO* () £ ()

=Pk — k), (5.16)
hence, o
la(k),a(K)] = &*(k — k). (5.17)
Similarly,
la(k), a(k")] = [a'(k),a' (k)] = 0. (5.18)

Now write the Hamiltonian in terms of @ and a'. Begin with the Lagrangian density

£=2 (67 = (Vo2 —m??) . (5.19)

Compare this with the Lagrangian L = T'— V and Hamiltonian H = T + V in classical
mechanics. Therefore the Hamiltonian density is

M= ((Q%)? +(Ve)? + m2¢2> . (5.20)

71



and the Hamiltonian is H = [ d3zH. Now,
6 = =i [ @ (£ @a(t) - 10 @)l (1)
Vo — i [ (f;i”(:c)a(k)— O wal (k)
H o= 5 [y (62 + (G0 +me?)
- / &k / B / Ba(—kokh — k- K) x (f,§+> FPalk)alk)
I R)a (k) = 155D ak)al (]) — £ 1D al (R)a(k))
- / d*k / &K’ / dom? x (£ D a(k)a(k)

01 Rl ) + S0 D ak)a () + 7 fa (R)a(k) ) (5.2
Using the identities

]_ . 0 — -
/ P (2) £ () = s kR
1 — —
[ #esP @i @) = B E - ) (5.22)
2F,

where Ej, = +V k2 + m2, we obtain

H = /d3k4—;k (a(k)a' (k) + al(K)a(k)) (kg + K+ m?)

-

= /d%% (a(k)a' (k) + a' (K)a(k)) . (5.23)
It is straightforward to check that
[H, a(k)] = —Eya(k)
[H,al(k)] = —Epal(k). (5.24)

Consequently, a and a' behave as the lowering and raising operators for the harmonic
oscillator! The vacuum state |0) is defined as the state for which a(k)|0) = 0 for all .

Energy of the Vacuum

H o= / ot (k) + af (k)a(k))
_ / Ek (9aa(k) + 6%(3))
/i

1 q
SkEra™a +5 / d*kE,5%(0) (5.25)
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The first term acting on the vacuum gives zero, but the second term yields an infinite
vacuum energy. Since we are only interested in differences between energies, we subtract
off the infinite vacuum energy.

Thus, we replace the Hamiltonian H by its normal ordered counterpart H, which is
defined as

H= / PkEra™a(k), (5.26)
and leads to a vanishing vacuum energy
(0|H|0) =0, (5.27)
because of the definition of the vacuum state!
The state obtained by m applications of af(k) on the vacuum state has energy
E,, =mE. (5.28)

Therefore, we may interpret a' (a(k)) as operators creating (annihilating) quanta/particles
with four-momentum k.

5.4 Interactions

Also the Dirac field 1 can be quantised, now using anti-commutation relations instead
of canonical commutation relations. The free Lagrangian density for Dirac particles and
photons turns out to be

: 1 y
Efree = 1/)(@7“@ - m)w - ZFW,F“ . (529)
Introducing the electromagnetic interaction by the usual "minimal substitution”
Oy — Oy +1ieA, (5.30)

we get

1
L= Lfree + L; =0, — er" Ay —m)y — ZF“VFW , (5.31)
where the interaction Lagrangian is given by
Lr=epy"A. (5.32)

The detailed development of QFT leads in the end to the same Feynman rules as for
RQM. Notice the resemblance to Sp; = —ie [ d*atp;(x)y* A, () ().
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