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SECTION A

1.

You should attempt ALL questions. Marks awarded are shown next to each ques-

tion.

(a)

Using the law of gravitation, show that under Keplerian motion about a central
star of mass M, the angular velocity of material in an accretion disc depends on

the distance R from the star as Q(R) oc R™%/2. [2 marks]
Show that derivative of the angular velocity
aQ 30 5 .
dR = 2R [2 marks|
What is the specific angular momentum j as a function of M and R in this
Keplerian case? [1 mark]

A slowly rotating gas cloud is initially supported by hydrostatic equilibrium. The
specific angular momentum of gas at the edge of the cloud is j.

The cloud cools and collapses under its own gravity, forming a star of mass M
and a rotating circumstellar disc. The mass of the disc is negligible compared to
that of the star.

If the angular momentum of the gas is conserved during the collapse, calculate
the radius of the disc in terms of j and M. [3 marks|

Explain the term minimum mass solar nebula. [2 marks]

A relationship between surface mass density ¥ and radial distance R from the
central star of the form ¥ oc R7%/? is often used in modelling the density profile
of protoplanetary discs. What justification is there for this particular radial de-
pendence? [2 marks]
If Mp(R) is the mass of this protoplanetary disc interior to a radius R, what is

(© Queen Mary, University of London, 2006 1 [This question continues overleaf . .. ]



the dependence of Mp(R) on R? [2 marks]

M
Hence show that X(R) = 4D](§)
m

[1 marks|

[Total 15 marks for question]

A solid core of mass m,, has formed in a protoplanetary disc by the coagulation of
planetesimals of mass m. The core has sufficient mass that its own gravitational
effects on the planetesimals are significant. By considering the dynamics of the
planetesimals, show that the core’s cross-section for capture of these bodies is

Acap _ ’]TRE (1 4 2Gmc) :

R.v?
where R, is the radius of the core, v is the typical velocity of planetesimals relative

to the core, and G is the constant of gravitation. [8 marks]
Hence show that the growth rate of the core is

dm, 9 2Gm,.
n = nmurR; (1 + R0? ) ,
where n is the number density of the planetesimals in the disc. [4 marks]

Assume that the half-thickness H, of the planetesimal disc is related to the velocity
of planetesimals by v ~ H,), where () is the orbital angular velocity about the
central star. If p, is the density of the planetesimal layer in the disc, show that
when the gravitational focusing dominates over the geometrical cross-section,

4 1

2 Yomé 3

dm, - 7GpsRem, HQO ~ TGX.m ( 3 > Q.
AT pgr

d¢ V2 v2

where X, is the surface density of the planetesimals in the disc and pg, is the
density of material in the planetesimals. [6 marks]
Hence show that the time taken for the protoplanetary core to grow from a size
m(0) to m.(tg) by gravitational accretion is

3<mc(0)_% _mc(tG)_%> (47rpgr>% Uj
Q

ta =~
¢ TG, 3
[5 marks|
Argue that this time can be approximated by
3mc(0)_% 47Tpg7“ % 2
t HZQ .
“ TGY, ( 3 ) °
[2 marks]

[Total 25 marks for question]
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3.

(a)

Gas is accreted through an accretion disc on to a neutron star of radius R = 10* m
and mass M = 3 x 10% kg. Show, by an order of magnitude calculation, that
the total energy per unit mass of accreted material that can be liberated when
gas is transported from a large distance to the surface of the neutron star exceeds
the equivalent figure, ~ 10'® Jkg~!, that can be released by the complete nuclear
fusion of hydrogen to iron. (G ~7 x 107" m? kg~'s72.) [4 marks|

The accreted material reaches the inner edge of the accretion disc very close to
the surface of the neutron star, where it moves on a circular orbit of radius R;,.
Show that if the gas falls on to a non-rotating neutron star, the kinetic energy
released would be equal to the potential energy released by viscous heating of the
accretion disc while moving to the inner edge of the disc from a large distance.
[3 marks|

The rate of viscous dissipation of energy per unit area of a Keplerian accretion
disc is ep = § Q*vX, where Q(R) is the angular velocity at a radius R of the
disc about the central star, v is the kinematic viscosity, and X(R) is the surface
density of the disc at radius R.

Show that a steady state disc will have an effective temperature at a radial distance
R from the central star

9 GMyX \1
Tesr ( ) ,

8 Rdo
where M is the mass of the central star, GG is the constant of gravitation, and o

is the Stefan-Boltzmann constant. [3 marks]
[Total 10 marks for question]
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SECTION B

1.

FEach question carries 50 marks. You may attempt all questions but only marks
for the best question will be counted.

(a) Consider an axisymmetric accretion disc with surface density X, kinematic vis-

cosity v, and in which forces due to pressure and self-gravity may be neglected.
Derive the result

RYvp = (auﬁm) i(R?’VE@) ,

OR OR dR

where R is the radial coordinate in the disc, €2 is the angular velocity, and vp is
the radial component of the gas velocity. In doing this, you may assume that the
torque acting in the direction of speeding up the disc, due to material interior to
R, is given by

dQ
T = —2tR*vY —
TV AR
and the rate of change of the specific angular momentum j with time ¢ is
i _ 9%
at — "OR
for an axisymmetric disc. [19 marks]

0
The continuity equation is 8—;) + V.(pv) = 0, where p is the density and v

the velocity of the fluid. The divergence of a vector A in a cylindrical coordinate
system (R, ¢, z) is

10(RA) | 104, | 0A.

VA = BoR R 06 0z

where Ap, Ay and A, are the components of A in the R, ¢ and z directions.
Hence derive the disc surface density evolution equation in the form

AR\ ' 0 [, _dQ
( R ) or \ """ dr

()Y 10

ot Ror

[15 marks]

Show that if the disc is in a state of Keplerian rotation, the surface density
evolution equation is

0 3 0 \mp 0 (g
ot ~ ROR [R o7 (/%)
[6 marks]
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(b) Using a dimensional analysis, show that the evolutionary timescale 7, of an ac-
cretion disc depends on the kinematic viscosity v and the radius R of the disc
as e
Tew = k— >
v

where k is a dimensionless numerical constant. You may assume that the dimen-
sions of kinematic viscosity are [length]? [time] .
[5 marks|

(c) In the alpha model of viscosity, the kinematic viscosity is represented as v = acsH,
where « is a dimensionless parameter, ¢, is the sound speed, and H is the half-
thickness of the accretion disc. Show that kinematic viscosity in a Keplerian disc
at a distance R from a central star of mass M is given by

H\? 1
Vv onGM( > R . [5 r]s]

[Total 50 marks for question)]

2. The moment of inertia of an isolated mass of fluid is defined as
I = / pr?dV |
1%

where r = |r| is the modulus of the position vector r of the volume element dV, p(r)
is the density, and V' is a volume enclosing the fluid. The position vector is measured
relative to the centre of mass of the fluid.

Show that the second derivative of the moment of inertia with respect to time ¢ is

d2rI

S UK 4 2 / £4V

dt? * v
where K is the total internal kinetic energy of the fluid and f(r) is the force per unit
volume acting on the fluid. [12 marks]
The contribution to the force per unit volume from gas pressure is f = —V P, where P

is the pressure. Hence show that the contribution from gas pressure to the 2 [, r.f dV
term is 6 [;, P dV/, given that the pressure P on the surface S that bounds the volume
V' is zero.

You may find useful the vector identities

(A.V)f = V.(fA) — fV.A
/(V.A) v = /A.dS (Gauss’s theorem)
1% S
and Vo = 3
for any vector A, scalar f and position vector r. [12 marks]
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Derive an expression for the contribution to 2 [, r - f dV from gravitational forces in
terms of the total internal gravitational potential energy £,. You may assume that

Jyp(x)r- Vo dV = —E,, where ®(r) is the gravitational potential. [4 marks]
Hence derive the full virial theorem result for a non-magnetised cloud
d2r1

Neglecting radiation pressure, show that the pressure contribution to d*I/dt? for an
isothermal gas cloud is

6 / pav = B
v [
where 7' is the temperature of the gas, M is the total mass of the cloud, i is the mean
molecular mass, and R is the gas constant. [4 marks]
What is the condition on d*7/d¢* for the collapse of a cloud? [3 marks|

A spherical cloud of uniform density and radius R collapses under its own gravity to
form a protostar. The cloud is isothermal with a temperature T, is non-magnetised,
and is initially stationary. Using the virial theorem, show that a limit on the mass M
of the cloud for collapse to occur is

where R is the gas constant, p is the mean molecular mass, and G is the constant of
gravitation. You may assume that the internal potential energy of a uniform sphere of
mass M and radius R is

3 GM?
E, = — aal [6 marks]

Use this result to estimate to within an order of magnitude the minimum mass for a
cloud of radius R = 3 x 10*® m and temperature 7' = 10 K to collapse, assuming the
molecular mass is ;4 = 2. Express this figure in solar masses. Can clouds of this size
and temperature collapse to form protostars if they have stellar masses? [6 marks]

(The gas constant is R = 8.3 Jmol™! K™!, the gravitational constant is G = 6.6 x
107" m3 kg~! s72, and the mass of the Sun is My = 2.0 x 10%° kg.

[Total 50 marks for question]

. The monochromatic radiative flux, F),, emitted at a particular frequency, v, by a black—
body with effective temperature T, is given by

2rhy? 1

F, = )
2 exp(hv/kTey) —1
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where h is the Planck constant, k is the Boltzmann constant, and c is the speed of
light.
An axisymmetric accretion disc has a radial effective temperature profile given by

Teyp = BR™®

where a and 3 are positive constants. The effective temperature is T}, at the inner edge
of the disc, and T,,; at the outer edge. Show that the luminosity, L,, at a particular
frequency v, is given by

2 1.2/ 2/a—1
L, = (2_77) K/ A2 g2la pi-2/a /OO a? de
0

c « exp (z) — 1

In deriving this expression, you should only consider frequencies v such that kT;, >
hv > kT,.;. (32 marks]

A steady state Keplerian accretion disc has

3G M 71
Teyr = [ } ;

SroR3

where M is the mass of the central star and m is the rate of mass transfer through the

disc.

Make a sketch of log L, versus log v for such a disc, and explain the shape of the curve.

Your sketch should contain the regimes with hv > kT}, and hv < kT,,;.  [13 marks]

What is the functional relationship between luminosity L, and mass flow rate m in

this case? [5 marks|
[Total 50 marks for question]
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