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One of the most central problems in the geometry of 4-spacetime can be formulated
as follows. If the metric tensor is given, how actual (measurable) time and distances
are related with coordinates x0, x1, x2, x3 chosen in arbitrary way.

14.1. Proper time

Let us consider the world line of an observer who uses some clock to measure the
actual or proper time dτ between two infinitesimally close events in the same place in
space. Obviously we should put

dx1 = dx2 = dx3 = 0. (1)

Let us define proper time exactly as in Special Relativity:

dτ =
ds

c
, (2)

then we have

ds2 ≡ c2dτ2 = gikdxidxk = g00(dx0)2, (3)

thus

dτ =
1
c

√
g00dx0. (4)

For the proper time between any two events (not necessary that these events are
infinitesimally close) occurring at the same point in space we have

τ =
1
c

∫
√

g00dx0. (5)

14.2. Spatial distance

Separating the space and time coordinates in ds we have

ds2 = gαβdxαdxβ + 2g0αdx0dxα + g00(dx0)2 = C + 2By + Ay2, (6)

where

C = gαβdxαdxβ , B = g0αdxα, A = g00 and y = dx0. (7)

To define dl we will use a light signal according to the following procedure: From
some point B with spatial coordinates xα + dxα a light signal emitted at the moment
corresponding to time coordinate x0 +dx0(1) propagates to a point A with spatial coor-
dinates xα and then after reflection at the moment corresponding to time coordinate
x0 the signal propagates back over the same path and is detected in the point B at
the moment corresponding to time coordinate x0 + dx0(2) as shown below.
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The interval between the events which belong to the same world line of light in Special
and General Relativity is always equal to zero:

ds = 0, i.e. C + 2By + Ay2 = 0. (8)

Solving this quadratic equation with respect to y = dx0 we find two roots:

dx0(1) =
−B −

√
B2 −AC

A
=

1
g00

(
−g0αdxα −

√
(g0αg0β − gαβg00)dxαdxβ

)
(9)

dx0(2) =
−B +

√
B2 −AC

A
=

1
g00

(
−g0αdxα +

√
(g0αg0β − gαβg00)dxαdxβ

)
(10)

dx0(2) − dx0(1) =
2

g00

√
(g0αg0β − gαβg00)dxαdxβ . (11)

Then

dl =
c

2
dτ =

c

2

√
g00

c
(dx0(2) − dx0(1)) (12)

and finally

dl2 = γαβdxαdxβ , where γαβ = −gαβ +
g0αg0β

g00
. (13)

Thus, if we know gik, which is the pure geometrical object, we can determine proper
time and physical spatial distance, using physical procedure of sending light signal.
This is a really good example of relationship between Geometry and Physics.
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